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@«
u4qrb?eXq|b8e;syreqrjlo}nVnle;ªve;n_´e@o}rnt£"syr°z{svu8e|u?jlu?
syx?q|jldMoynysvuEq|rsynVx?rsy?nle;d{K¦¹svyeu?e;o}nVx8oyroyOsvntjp
e@±Em8oVqrjtsvu8{4£|jtqqre;u jtu u?syu?¨í;Enljlu ~ rjlo}n ~ sydo}jlu8{4b8o0ªve*Ke;eu ;syu8{|j ~ e;re ~ jluﬃﬂ 4í´ ﬂÚ!í´ ﬂ !_´ﬂ v"_´ﬂ _«
7·u#ﬂÚVfí´$ﬂÚv"_´%ﬂÚ4_´8q|b?e{qroy?jtnljl§oVqrjtsvuws}¦X{qr|m8q|m?re{
mO{jlu?Mq|b8eªVo}rjlo}q|jlsyuﬂs}¦+q|b?e ~ svdo}jluﬂbOoy{Ke;eu
o ~?~ re{r{e ~ «1a
b?eOoy{|jlx?rjtu8;jtx8nte4jl{"qrs ~ e
Ä
u?e2o*dMoyxﬂ{|e;u ~ jtu8qrb?eu8syuz¨·knljtu ~ |jp;oyn ~ svdo}jluﬀjluvqrso
;kntjlu ~ rjlo}nRsyu8ey«Ja
b?jp{x?rsze{r{"nte@o ~ {"qrsq|b?edoVqrb?e;do}q|jp;o}noyu8o}nlz{jp{
s}¦+u?syu?¨íoymzq|svu?sydMsymO{¤  'ﬀ {
{|z{qre;d{«
eeuEq|nly´Xo©u?e£ dMeq|b8s ~ synlsyy q|s(syzqo}jlu e;m?nle;rjpo}u ~ e|jlªVoVq|jlªyeM¦¹sv*u8syuz¨·knljtu ~ |jp;oynX¦¹m?u8q|jlsyu8oynl{
bOoy{*Oee;u jluEq|rs
~
m8e
~
jtu&ﬂ
º
!í´'ﬂ  5!_´(ﬂt
º
_«Ãa
b?jp{dMe;q|b?s
~
svntsvyÃ£"ov{oyx?x?nljte
~
jtu&ﬂtf"q|s xOe¦¹sv|d
~
EuOo}dMjlo}nR{bOo}xKesvuEq|rsynKs}¦qrb?eu8syuz¨·knljtu
~
|jp;oynO¯o0ªkjle;|¨·hkq|sy°ve{²e±Em8oVqrjtsvu8{J£b8e;reqrb?eeªysvntmzqrjtsvu
sy¦Rq|b?e
~
sydo}jlujp{Xq|b8esvuEq|rsyn?ªVo}rjpo}?nley«*)eu8eq|b?e;nlov{|{|jp;o}n8syxzqrjtdo}nR{|b8o}xKesyx?q|jldjl§o}q|jlsyuMqrb?e;sv|
bOoy{
Ke;e;uwe;Eqre;u
~
e
~
q|s
~
e@o}n£jtq|b¸{z{q|edM{{|eqjluwu?syu?¨í;Enljlu
~
rjlo}n
~
sydoyjtu8{«
a
b8eﬀo}jldsy¦
q|b?jp{oyqrjl;ntejp{qrs©|eªkjte£ {|e;ªve;o}nXre{|m?nµq{svuÃq|b?e
~
EuOo}dMjlo}n²{|b8oyxOeﬀ;syuEq|rsyn²s}¦
q|b?e
¯o0ªkjte¨hEq|sv°ye@{X{z{q|e;d o}u
~
{m?vye@{q²oyu¥o}ntq|e;ru8o}q|jlªye
q|reo}q|dMe;uEq²mO{jlu?qrb?e¶¸jluz¨·¶©oVMx?rjtuOjlx?nteﬂ 5_«

e{|x?jtq|ejtqr{npoy°¸sy¦"rjlysyrsymO{doVqrb?e;do}q|jp;o}nRmO{qrj
Ä
oVqrjtsvu(jlu$;oy{|eM£b?e;req|b?e¥o}vroyu?yjpo}u¸¦¹m8u83¨
qrjtsvu8o}n²jl{u?s}q;syukªye;R´£¤e¥{|b8oyntn²{|b?sV£ b?sV£³q|b?jp{x?rjlu8jlx?nleﬀo}nlntsV£{´o}qnte@oy{q¦¹syrdo}nlntv´&qrs¸Ekx8ov{|{
qrb?eqre
~
jlsymO{svzq|euvqrjtsvu¸s}¦Xqrb?e{qro}q|e
~
j#"Re;re;uEq|jpo}8jtnljµqw£jtq|b©re{|xKe3qq|sﬀq|b?e{b8oyxOe*s}¦Xqrb?edMsVªkjtu8
~
sydo}jlu«
+ ,
	+.-ﬂ#ﬃ 2ﬃ ﬁ*
&eq
m8{
svu8{j
~
e"o*dMsVªEjlu?
~
sydo}jlu
Ωt ∈ R
d «1¬ e4jluEq|rs ~ m8e4o ~ j#"Re;svdsv|x8b?jldo}xﬂ{eu ~ jlu?*o Ä 
re¦¹e|eu8e
~
svdMoyjtu
Ω0
jluvqrsMq|b?ex8bEz{|jlo}nsvu
Ä
vm?ro}q|jlsyu
Ωt
oVq
qrjtdMe
t ≥ 0
«
¬ jtq|b8symzq4ntsE{|{s}¦Xyeu?e;o}nljµqv´8£"eb?sksv{|e2q|b8ere¦¹e;re;uOe;syu
Ä
vm?oVq|jlsyu­q|s­Oeq|b?ex?bkk{|jp;o}n+svu
Ä
}¨
m8ro}q|jlsyuwoVqjtu8jµqrjloynq|jldMe
Ω(t = 0)
«
)e;u8;e2£¤e
~
e
Ä
u?eoMdo}x
Tt ∈ C1(Ω0)
{mObﬀqrb8oVq
Ωt = Tt(Ω0),
Γt = Tt(Γ0)
¬ e{|eq
Σ ≡
⋃
0<t<T
({t} × Γt)
´
Q ≡
⋃
0<t<T
({t} × Ωt)
«a
b?edo}x
Tt
;o}uwKeoyq|m8oyntnl
~
e
Ä
u8e
~
oy{
qrb?e2®8sV£-s}¦+ox8oyqrjl;m?npo}ªye@3qrsy
Ä
e;n
~
´8ov{
~
e{rrjlOe
~
jluﬂq|b?e2¦¹svntnlsV£jtu8*nle;dMdo!
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Ωt = Tt(V )(Ω0),
Γt = Tt(V )(Γ0)
	2!ﬀ
Tt(V )
	  ! 0ﬁ	 
	  	!  	 	   	  9  !
Tt(V ) : Ω0 −→ Ω
x0 7−→ x(t, x0) ≡ Tt(V )(x0)
	 	  
dx
d τ
= V (τ, x(τ)), τ ∈ [0, T ]
x(τ = 0) = x0,
	 
Ω0


a
b8e®8m8j ~ jtu8{|j ~ e
Ωt
jl{"oy{r{m8de ~ qrs*Ke4o*ªkjl{rsvm8{Jjlu8;sydMx?re{r{jl?nleu?e£
q|syu8jloyu¥®8m?j ~ « 7íq{¤eªysvntmzqrjtsvu
jp{ ~ e{rrjlOe ~ k$jtqr{Mªyentsz;jµq
u
o}u ~ jtqr{Mx?re{r{m8|e
p
«Ba
b?e¸svm?x?nle
(u, p)
{|o}q|jp{
Ä
e{q|b?e¸npoy{r{|jlo}n
¯o0ªkjte¨hEq|sv°ye@{²e@±vmOoVq|jlsyuO{
£|jtqqre;uﬂjtuwu?svuz¨í;syu8{|e;rªVoVqrjtªve¦¹syrdw´


∂tu+ Du · u− ν∆u+∇p = 0, Q(V )
div(u) = 0, Q(V )
u = V, Σ(V )
u(t = 0) = u0, Ω0


£b8e;re
ν
{qroyu
~
{"¦¹sy
qrb?e°kjtu8e;doVqrjl4ªkjl{rsE{jtqy«
a
b8e±Em8o}uEq|jtq
σ(u, p) = −p I+ν(Du+ ∗D u)
{qroyu
~
{J¦¹syXqrb?e®8m8j
~
{q|re{r{Xqre;u8{|syJjlu8{|j
~
e
Ωt
´v£jtq|b
(Du)i,j = ∂jui = ui,j
«
¬ eo}re4jtuEq|e|e@{qre
~
jtu¸{|synlªkjtu?qrb?e2¦¹synlntsV£jlu?dMjtu?jldMjt§@oVqrjtsvuﬂx8|sv?nted !
min
V ∈Uad
j(V )

º

£b8e;re
j(V ) = JV (u(V ), p(V ))
£jtq|b
(u(V ), p(V ))
jp{ﬀoB£¤e@o}° {svntmzqrjtsvu s}¦x?rsy?nle;d

¥oyu
~
JV (u, p)
jl{oMreoynO¦¹m8u83qrjtsvu8o}nsy¦&qrb?e2¦¹synlntsV£jlu?¦¹syrd !
JV (u, p) =
α
2
‖B u‖2Q(V ) +
γ
2
‖K V ‖2Σ(V )

f
£b8e;rejp{
B ∈ L(H,H∗)
jl{ove;u?eroynKnljlu?eoy
~
j#"Re;re;uEq|jpo}nsvxOero}q|sv
{roVqrjl{¦¹kjtu8qrb?e2¦¹synlntsV£jlu?j
~
e;uz¨
qrjµqv´
〈B u, v〉+ 〈u,B∗v〉 = 〈BΣ u, v〉L2(Σ)


£b8e;re
H =
{
v ∈ L2(0, T ; (H10 (div,Ωt(V )))
d)
}
o}u
~
K ∈ L(Uad, L2(Σ(V )))
jp{oye;u8e;o}nRntjlu?e@o}
~
j#"Re;re;uEq|jpo}nsvxOero}q|sv
{roVqrjl{¦¹kjtu8*qrb?e2¦¹synlnlsV£jtu?j
~
e;uEq|jtqy´
〈K u, v〉L2(Σ) + 〈u,K
∗v〉L2(Σ) = 〈KΣ u, v〉L2(Σ)


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a
b8edMoyjtu ~ j ¥m?ntqﬀjlu ~ e@o}nljtu?M£jtq|b©{|m8b¸oMdMjtu?jldMjt§@oVqrjtsvuﬂx8|sv?nted jp{|enlo}q|e ~ qrsMq|b?e2¦äov3qqrb8oVq
jluEq|eyo}np{1sVªye;1qrb?e ~ svdo}jlu
Ωt(V )
~ exOeu ~ svu*qrb?e;syuEq|rsyn?ªVoy|jpo}?nle
V
«Xa
b?jp{JxKsyjluEq²£jtnln8Ke{|synlªye ~
kMm8{|jtu8q|b8e4Ł|?jtq|o}rM&o}vroyu?ye;¨_²m?nte

Ł Jdo}x
Tt(V )
jluEq|rs ~ m8e ~ x?re;ªkjlsym8{|ntv«+a
b8ex?m?|¨
xKsv{|e2s}¦+q|b?jp{o}|q|jpnle2jl{q|sMx?rsVªye4m8{jlu?{|e;ªyeroynRde;q|b?s ~ {q|b?e2¦¹svntnlsV£jtu8*re{|m?ntq´
)  "
 
­¼  *¹y¢
A
sy
V ∈ Uad
o}u ~
Ω0
s}¦2npoy{r{
C2
´Jq|b8e­¦¹m8u83qrjtsvu8o}n
j(V )
xOsE{|{|e{r{e@{*o vro ~ jµ¨
euEq
∇j(V )
£b?jpb(jp{{|m?x?xKsy|q|e ~ syu(q|b8edsVªkjlu?wOsvm?u ~ oy|
Γt(V )
oyu ~ ;oyu(Ke|ex?re{|e;uEq|e ~ k
qrb?e2¦¹synlnlsV£jtu?ezx?re{r{|jtsvu´
∇j(V ) = −λn− σ(ϕ, pi) · n+ αBΣB u+ γ [−K
∗K V +KΣK V ]

 
£b8e;re
(ϕ, pi)
{qro}u ~ {"¦¹sy
qrb?eo ~ svjtuEq
®8m?j ~ {qoVqre2{|synlmzqrjtsvu­sy¦qrb?e2¦¹synlntsV£jlu?M{z{q|edﬂ´


−∂tϕ−Dϕ · u+
∗Du · ϕ− ν∆ϕ+∇pi = −αB∗B u, Q(V )
div(ϕ) = 0, Q(V )
ϕ = 0, Σ(V )
ϕ(T ) = 0, ΩT

4
oyu
~
λ
jp{¤q|b?eo
~
syjluvq"q|o}uO{ªve;{eKsym?u
~
o}r
Ä
e;n
~
´z{|synlmzq|jlsyu­s}¦qrb?e4qro}u8ye;uEqrjloyn
~
ku8oydMjlo}nR{z{q|e;dw´
{
−∂tλ−∇Γ λ · V − (div V )λ = f, (0, T )
λ(T ) = 0, ΓT (V )

5
£jtq|b
f = [−(σ(ϕ, pi) · n) + αBΣB u] · (DV · n−D u · n) +
1
2
[
α|B u|2 + γ H |K V |2
]


)
?   / *
¼
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  !
(B,B∗,BΣ) = (I,− I, 0)
(K,K∗,KΣ) = (I,− I, 0)
 0	     	  	  !ﬀ 
9  	 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JV (u, p) =
α
2
‖u‖2L2(Q(V )) +
γ
2
‖V ‖2L2(Σ(V ))

y
   	 , ﬀ	  	  	!  !
∇j(V ) = −λn− σ(ϕ, pi) · n+ γ V

@
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(ϕ, pi)
    	!ﬀ     	   0	       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

−∂tϕ−Dϕ · u+
∗D u · ϕ− ν∆ϕ+∇pi = αu, Q(V )
div(ϕ) = 0, Q(V )
ϕ = 0, Σ(V )
ϕ(T ) = 0, ΩT


º

 
λ
	      	  ﬁﬀ  ﬀ! 0  ﬀ  ! !   0,	  	   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{
−∂tλ−∇Γ λ · V − (div V )λ = f, (0, T )
λ(T ) = 0, ΓT (V )

;f
	 	  
f = −ν(Dϕ · n) · (DV · n−D u · n) +
1
2
(α+ γ H)|V |2

@
)
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(B,B∗,BΣ) = (curl, curl,∧n)
(K,K∗,KΣ) = (I,− I, 0)
JV (u, p) =
α
2
‖ curlu‖2L2(Q(V )) +
γ
2
‖V ‖2L2(Σ(V ))


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ﬀ	  	  	!  !
∇j(V ) = −λn− σ(ϕ, pi) · n+ α (curlu) ∧ n+ γ V

V 
	2!ﬀ
(ϕ, pi)
    	!ﬀ     	   0	       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

−∂tϕ−Dϕ · u+
∗Du · ϕ− ν∆ϕ+∇pi = −α∆u, Q(V )
div(ϕ) = 0, Q(V )
ϕ = 0, Σ(V )
ϕ(T ) = 0, ΩT

.4
 
λ
	      	  ﬁﬀ  ﬀ! 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{
−∂tλ−∇Γ λ · V − (div V )λ = f, (0, T )
λ(T ) = 0, ΓT (V )

.5
	 	  
f = [−ν Dϕ · n+ α (curlu) ∧ n] · (DV · n−D u · n) +
1
2
[
α| curl u|2 + γ H |V |2
]

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7·uqrb?eu?ekq²{|eq|jlsyu´}£"e
jtuEqr|s ~ m8;e{eªye;o}nz;syu8;e;xzq{Xnlsv{|e;nl|enlo}q|e ~ qrs{b8oyxOe
svxzq|jldMjt§@oVq|jlsyu*q|sksvnl{
¦¹sv1dsVªkjlu? ~ sydo}jlux?|sv?nle;d{;«¬(eoynl{|sreo}nlnke;nle;dMe;uEqr{1sy¦8qo}u?ve;uEq|jpo}nz;oynl;m?nlm8{+q|b8o}qX£jtnln?Ke"mO{e ~
qrb?rsym?vbﬀqrb?jl{oyqrjl;ntev«Ja
b?e;uﬂ£"eqr|e@oVq{|e±Em?euvqrjloyntnlMq|b8e2¦¹synlntsV£jlu?MxOsvjtuEq{;´
y« 7·u {|eq|jlsyu

f´J£¤eﬂb?sksv{|e¥qrs x?rsVªyeqrb?e ~ j "Ke|euvqrjloy?jlntjtqÃs}¦qrb?eﬀ®Om?j ~ {qoVqre
(u, p)
£jtq|b
|e@{xKeqﬀqrs q|b8e ~ e@{jlyu ªVo}rjpo}?nle
V
« a
b?e ~ jtreq|jlsyu8oyn{|b8o}xKe ~ e|jlªVoVqrjtªve
(u′, p′)(V ) · W
jl{qrb?e;u m8{|e ~ q|s$svdMx?mzq|eﬂqrb?e ~ jtreq|jlsyu8oyn ~ e;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o}dMe;q|e;mO{e ~ jluwq|b8esyz¨
q|euvqrjtsvu­sy¦&qrb?e ~ e;rjlª0o}q|jlªye4s}¦q|b?e2npo}yo}u8yjpo}uM¦¹m?u8q|jlsyu8oyn£jµqrbw|e@{xKeq¤qrs
V
«Ja
b?jp{
nte@o ~ {¤q|s
q|b?e ~ jlre3q2sy?q|e;uEqrjtsvu s}¦¤q|b?e®8m8j ~ {qoVqreoyu ~ qrroyu8{ªve;{e
Ä
e;n ~ o ~ syjluEqr{2o}u ~ svu8{|e±Em?e;uEqrnt
q|sMqrb?eyo
~
jle;uEq
∇j(V )
«
º
« 7·u({|eq|jlsyu

3´£"e*oyvoyjtu¸m8{|e*oﬂ¶¸jluz¨·¶©oV©{q|oVq|eywsvm?x?nle
~
£jtq|b oﬀ{qroVqreoyu
~
d*m?nµqrjtx8ntjle;
¦¹m?u8q|jlsyu8oynO{|x8oy;ee;d*Oe
~?~
jlu?8«1a
b?jp{JdMeoyu8{Xqrb8oVqJqrb?e{qro}q|eoyu
~
dm?ntq|jlx?nljte²ªVo}rjpo}?nle{1nljtªvejlu
q|b?e2b?svn
~
¨íoyntn
~
sydoyjtu
D
« )e;uOeq|b?e
~
e;rjlª0o}q|jlªyes}¦qrb?enpo}vroyu?yjpo}uM¦¹m8u83qrjtsvu8o}nR£jtq|bﬀre{|xKe3q
q|s
V
syu?nl¥jlukªysynlªye@{Jqre;rd{sydMjlu?¦¹|svd q|b?e2®OmzﬀªVo}rjlo}q|jlsyuﬀq|rsym?vb¥q|b8edsVªkjlu?Osvm?u
~
oy|
Γt(V )
«a
b?jp{o}Eo}jluwnte@o
~
{
qrsq|b8e
~
jl|e@3qsvzq|euvqrjtsvuws}¦1q|b?e®8m?j
~
{qoVqreo}u
~
qrroyu8{ªve;{e
Ä
en
~
o
~
svjtuEq{o}u
~
svu8{|e±Em?e;uEqrntMqrsMq|b?evro
~
jteuEq
∇j(V )
«
 
#ﬃ ﬁ* .ﬁﬂﬁ¥8!²#ﬁﬂ­	+!"#%­'( ﬁﬂ ﬁﬁ*# !¤#r
! ﬂ#ﬂ
a
b8jl{
{|e3qrjtsvu­jluEq|rs
~
m8e2{|e;ªyeroynK;syu8;e;xzq{¤q|b8o}q
£jlnlnOe2jluvqre;u8{|jlªye;nlm8{|e
~
q|b?rsym8yb¥qrb?jp{
|exOsvq@«E7íq
;syu8;e;ru8{1qrb?e
~
j "Re;re;uEq|jpo}nK;o}npm8ntm8{²s}¦jluvqre;vroynl{
~
e
Ä
u?e
~
syudMsVªkjlu?
~
svdMoyjtuO{Xsy¤Osvm?u
~
oy|jle{X£jtq|b
re{|xKe3qq|s­q|b?ejt2{|m?x?xKsy|q2oyu
~
8ov{jpqrsEsvnl{¦¹sy4jluvqr|jlu8{|jlqroyu?yeuEq|jpo}no}npm?nlm8{4m8{|jtu8¥q|b8e*sv|jle;uEq|e
~
~
jl{qroyu8e4¦¹m?u8q|jlsyu¸o}u
~
qo}u?ve;uEq|jpo}nRsvxOero}q|sy{«

	 
ﬀﬁ
ﬃﬂ! #"%$&$')(*$,+.-/
7·u qrb?jl{¥x8o}o}vroyx?b´J£"e¸o}reﬂjluEq|e|e@{qre
~
jtu
~
j "Re;re;uEq|jpo}?jlnljµq x8|svxOeqrjte@{Ms}¦2jtuEq|eyo}np{
~
e
Ä
u8e
~
jlu
dMsVªkjlu?;syu
Ä
ym?oVqrjtsvu´
J1(Ωt) =
∫
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∫
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T tρ : Ωt −→ Ω
ρ
t
def
= Ωt(V + ρW )
x 7→ Tt(V + ρW ) ◦ Tt(V )
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Ztρ
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Ztρ
def
= Zt(ρ, .) =
(
∂T tρ
∂ρ
)
◦ (T tρ )
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T ρt (Z
t
ρ) : Ωt −→ Ω
ρ
t
x 7−→ x(ρ, x) ≡ T ρt (Z
t
ρ)(x)
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dx(ρ)
d ρ
= Zt(ρ, x(ρ)), ρ ≥ 0
x(ρ = 0) = x,
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∂tZt + [Zt, V ] = W, D × (0, T )
Zt=0 = 0, D
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[Zt, V ]
def
= DZt · V −DV · Zt
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f(V ) ∈ H(Ωt(V ))
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f˙(V ;W )
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V ∈ Uad
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W ∈ Uad
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fρ : [0, ρ0] → H(Ωt(V ))
ρ 7→ f(V + ρW ) ◦ T tρ
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ρ = 0
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(t, x) ∈ Q(V )
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f˙(V ) ·W = f˙(V ;W ) =
d
dρ
fρ
∣∣∣∣
ρ=0


¬ jtq|b q|b8ewoyOsVªve
~
e
Ä
u?jtq|jlsyu´¤£¤ew;oyu {qroVqreﬀqrb?e
~
j "Ke|euvqrjloy?jlntjtq$x?rsyxKe;|q|jle{*s}¦u?svuz¨·kntjlu
~
rjp;o}n
jluEq|eyo}np{¤£jtq|bwre{|xOe@3q
q|sMqrb?e;jldMsVªkjtu?{|m?x?xKsy|q´
 
-
¼kÀ

¼

$ ﬂ<$  ﬂ  
ﬀ  0    9
0ﬀ !    	 
Ω0
	 	  &0  ﬀ 
Γ0
 ! <
 0    	!ﬀ
J 	 ﬀ ,	
W ∈ U
 	!  	 	  0   	    
	 
f(V )

	 ,  P  	  ﬀ 	2  ﬀ 	   ﬀ 	9,	
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J ′1(V ) ·W =
∫
Ωt(V )
[
f˙(V ) ·W + f(V ) divZt
]
dΩ
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f ′(V ) ·W = f˙(V ) ·W −∇f(V ) · Zt

y
  
J ′1(V ) ·W =
∫
Ωt(V )
[f ′(V ) ·W + div(f(V )Zt)] dΩ
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J ′1(V ) ·W =
∫
Ωt(V )
f ′(V ) ·WdΩ +
∫
Γt(V )
f(V ) 〈Zt, n〉dΓ
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g˙(V ;W )
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gρ : [0, ρ0] → H(Γt(V ))
ρ 7→ g(V + ρW ) ◦ T tρ
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ρ = 0
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(t, x) ∈ Σ(V )
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g˙(V ;W ) = ddρg
ρ
∣∣∣
ρ=0
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J ′2(V ) ·W =
∫
Γt(V )
[g˙(V ) ·W + g(V ) divΓ Zt] dΓ
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g′(V ) ·W = g˙(V ) ·W −∇Γ g(V ) · Zt

5
  
J ′2(V ) ·W =
∫
Γt(V )
[g′(V ) ·W +H g(V )〈Zt, n〉] dΓ
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g(V ) = g˜(V )|Γt(V )
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g˜ ∈ H(Ωt(V ))
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J ′2(V ) ·W =
∫
Γt(V )
[g′(V ) ·W + (∇g˜(V ) · n+H g(V )) 〈Zt, n〉] dΓ
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F ∈ L2(0, T ; (H1(D))d)
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Λ ∈ C0([0, T ]; (L2(D))d)
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−∂tΛ−D Λ · V − ∗DV · Λ− (div V )Λ = F, (0, T )
Λ(T ) = 0,
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F (t) = ∗γΓt(V )(f(t)n)
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Λ
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Γt(V )
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F (t) = ∗γΓt(V )(f(t)n)
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f ∈ L2(0, T ;L2(Γt(V ))
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Λ = (λ ◦ p)∇χΩt(V ) ∈ C
0([0, T ]; (H1(Γt))
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λ ∈ C0([0, T ];H1(Γt))
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−∂tλ−∇Γ λ · V − (div V )λ = f, (0, T )
λ(T ) = 0, Γt(V )
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χΩt(V )
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K =
∫ T
0
∫
Γt(V )
E(V ) 〈Zt, n〉
£jtq|b
E(V ) ∈ L2(0, T ; Γt(V ))
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E(V ) ∈ L2(0, T ; Γt(V ))
 
(V,W ) ∈ Uad
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∫ T
0
∫
Γt(V )
E(V ) 〈Zt, n〉 = −
∫ T
0
∫
Γt(V )
λ〈W,n〉
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λ ∈ C0([0, T ];H1(Γt))
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bΩ(x) =
{
dΓ(x), x ∈ R
d \ Ω
−dΓ(x), x ∈ Ω
£b8e;re
dΓ(x) = min
y∈Ω
|y − x|
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D2 b : Tp(x)Γ → Tp(x)Γ
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p : U(Γ) → Γ
x 7→ x− b(x) · ∇b(x)
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(0, β1, . . . , βd−1)
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(n, µ1, . . . , µd−1)
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∗D p = D p = I−∇b · ∗∇b− bD2 b
D p · τ = τ,
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D p · n = 0,
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∇Γ f
def
= ∇F |Γ − (∂nF )n
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∂nF = ∇F · n 
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f ∈ C1(Γ)
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∇Γ f = (P∇F )|Γ
n · ∇Γ f = ∇b · ∇Γ f = 0
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= I−∇b∗∇b
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∇(f ◦ p) =
[
I−bD2 b
]
∇Γ f ◦ p
∇(f ◦ p)|Γ = ∇Γ f
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v ∈ (C1(Γ))d
  
v˜ ∈ (C1(U(Γ)))d
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DΓ v
def
= D v˜|Γ − (D v˜ · n)
∗n
= D v˜|Γ −D v˜ · (n⊗ n)
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D(v ◦ p) = DΓ v ◦ p
[
I−bD2 b
]
DΓ v = D(v ◦ p)|Γ
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v ∈ (C1(Γ))d
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v˜ ∈ (C1(U(Γ)))d
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divΓ v
def
= div v˜|Γ − (D v˜ · n) · n
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divΓ v = div(v ◦ p)|Γ = Tr(DΓ v)
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f ∈ C2(Γ)
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F ∈ C2(U(Γ))
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∆Γf = ∆F |Γ −H∂nF − ∂
2
nF
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∂2nF = (D
2 F · n) · n 
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∆Γf = divΓ(∇Γ f) = ∆(f ◦ p)|Γ
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vΓ ∈ (C1(Γ))d
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v = vΓ + vn n
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v ∈ (C1(Γ))d
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DΓ v = DΓ vΓ + vn ·D
2 b+ n · ∗∇Γ vn

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∇Γ vn =
∗DΓ v n+ D
2 bvΓ
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divΓ v = divΓ vΓ +Hvn
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ψ ∈ H1(Γ; R)
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∫
Γ
〈E,∇Γ ψ〉Rd +
∫
Γ
(divΓE)ψ =
∫
Γ
Hψ〈E, n〉
R
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Γt(V )
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u˜ = u−V
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{roVq|jp{
Ä
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∂tu˜+ D u˜ · u˜+ D u˜ · V + DV · u˜− ν∆u˜+∇p = F (V ), Q(V )
div(u˜) = 0, Q(V )
u˜ = 0, Σ(V )
u˜(0) = u0 − V (0), Ω0
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F (V ) = −∂tV −DV · V + ν∆V
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H(D) =
{
v ∈ (L2(D))d, div v = 0,
jtu
D, v · n = 0
syu
∂D
}
H10 (div, D) =
{
v ∈ (H10 (D))
d, div v = 0,
jlu
D
}
H =
{
v ∈ L2(0, T ; (H10 (div,Ωt(V )))
d)
}
V =
{
v ∈ H, ∂tv ∈ L
2(0, T ; (H10 (Ωt(V )))
d)
}
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u ∈ V
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〈eV (u), v〉 = 〈[e
1
V (u), e
2
V (u)], v〉 = [0, 0], ∀ v ∈ H

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〈e1V (u), v〉 =
∫ T
0
∫
Ωt(V )
[(∂tu+ Du · u+ Du · V + DV · u) · v + ν Du · ·D v − F (V ) · v]

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〈e2V (u), v〉 =
∫
Ω0
(u(0)− u˜0) · v(0)

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Uad =
{
V ∈ H1(0, T ; (Hm(D))d), div V = 0
jtu
D, V · n = 0
svu
∂D
}
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V ∈ Uad
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u0 ∈
H(D)
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u0|Ω0 ∈ H(Ω0)




	    	     9 = 	     0ﬁ	  	  ﬀ    
   
 	 	  
u ∈ H ∪ L∞(0, T ;H)

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u0 ∈ (H2(D))d ∪H10 (div, D)
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∂tu ∈ H ∪ L∞(0, T ;H(Ωt))

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u ∈ L∞(0, T ; (H2(Ωt))d ∪ H10 (div,Ωt)) 
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V ∈Uad
j(V )
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j(V ) =
α
2
∫ T
0
∫
Ωt(V )
|u(V )|2 +
γ
2
∫ T
0
∫
Ωt(V )
|V |2
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u(V )
£jtq|bw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q|s
V ∈ Uad
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sv ~ e;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u˙(V ;W ) = lim
ρ→0
1
ρ
(u(V + ρW ) ◦ Tt(V + ρW )− u(V ) ◦ Tt(V ))
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u(V )
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jtdMx?nljpjtqJe±Em8oVqrjtsvu
e(u, v) = 0, ∀ v ∈ H
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Pt : H10 (div,Ωt(V )) −→ H
1
0 (div,Ω
ρ
t )
v 7→ (D T tρ · v) ◦ (T
t
ρ )
−1
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uρ = u(V + ρW )
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〈e(V +ρW ) (u), v〉 = 0, ∀ v ∈ H
ρ
oyu
~
£¤e2jluvqr|s
~
mOe
uˆρ = (D T tρ )
−1 · (uρ ◦ T tρ )
~
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~
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〈e(V +ρW ) (u), v〉 = 0, ∀ v ∈ H
ρ
	 	  CJ  	 	
uˆρ
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〈eρ(uˆρ), vˆ〉 = 0, ∀ vˆ ∈ H
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〈eρ1(v), w〉 =
∫ T
0
∫
Ωt(V )
[
(∂t(D T
t
ρ · v)) · (D T
t
ρ · w)− (D(D T
t
ρ · v) · (D T
t
ρ )
−1 · (∂tT
t
ρ )) · (D T
t
ρ · w)
(D(D T tρ · v) · v) · (D T
t
ρ · w) + (D(D T
t
ρ · v) · (D T
t
ρ )
−1 · ((V + ρW ) ◦ T tρ )) · (D T
t
ρ · w)
+(D((V + ρW ) ◦ T tρ ) · v) · (D T
t
ρ · w)
+ν(D(D T tρ · v) · (D T
t
ρ )
−1) · ·(D(D T tρ · w) · (D T
t
ρ )
−1)
−(F (V + ρW ) ◦ T tρ ) · (D T
t
ρ · w)
]
〈eρ2(v), w〉 =
∫
Ω
(v(0)− uˆ0) · w
	 	  
F (V ) = −∂tV −DV · V + ν∆V
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∂tT
t
ρ = (V + ρW ) ◦ T
t
ρ −D T
t
ρ · V
²|sks}¦ !
¬ esvu8{|j
~
e"q|b?e{|synlmzq|jlsyu
uρ
s}¦q|b?exKe;|q|m?rKe
~
{qoVqree±Em8oVqrjtsvu
e(V +ρW ) = 0
´z£jµqrb
〈e(V +ρW ) (u), v〉 =
∫ T
0
∫
Ωρt
[(∂tu+ Du · u+ D u · (V + ρW ) + D(V + ρW ) · u) · v
+νD u · ·D v − F (V + ρW ) · v]
£jtq|b
v ∈ Hρ
«
¬ ejluvqr|s
~
mOe4q|b?eªVoy|jpo}?nle{
(uˆ, vˆ)
~
e
Ä
u?e
~
jlu
Ωt(V )
{|m8b­q|b8o}q´
[u, v] =
[
(D T tρ · uˆ) ◦ (T
t
ρ )
−1, (D T tρ · vˆ) ◦ (T
t
ρ )
−1
]
ïï ÍKL!M#NPO
y    
  	 ﬀ 	 ﬀ
	   <	 ﬀ0=0E  	
¬ ere;x8nloveqrb?jl{¤u?e£ |ex?|e@{euEqroVqrjtsvuMjtu8{|j ~ eqrb?e{qro}q|ee@±Em8oVqrjtsvu¥o}u ~ £"emO{eo8oy°*q|o}uO{xKsy|q²jlu
Ωt(V )
´zqrb?jp{nte@o ~ {"qrsq|b?e2¦¹svntnlsV£jtu8j ~ euvqrjµqv´
〈eρ1(uˆ), vˆ〉 =
∫
Q(V )
[(
∂t((D T
t
ρ · uˆ) ◦ (T
t
ρ )
−1) + D((D T tρ · uˆ) ◦ (T
t
ρ )
−1) · (D T tρ · uˆ) ◦ (T
t
ρ )
−1
+ D((D T tρ · uˆ) ◦ (T
t
ρ )
−1) · (V + ρW ) + D(V + ρW ) · (D T tρ · uˆ) ◦ (T
t
ρ )
−1
)
◦ T tρ · (D T
t
ρ · vˆ)
+ν D((D T tρ · uˆ) ◦ (T
t
ρ )
−1) ◦ T tρ · ·(D((D T
t
ρ · vˆ) ◦ (T
t
ρ )
−1)) ◦ T tρ
−F (V + ρW ) ◦ T tρ · (D T
t
ρ · vˆ)
]
¤¼    
(
D((T tρ )
−1) ◦ T tρ = (D T
t
ρ )
−1  5
∂t((T
t
ρ )
−1) ◦ T tρ = −(D T
t
ρ )
−1 · ∂tT
t
ρ

y
∂t((D T
t
ρ · uˆ) ◦ (T
t
ρ )
−1) ◦ T tρ = ∂t(D T
t
ρ ◦ uˆ)−D(D T
t
ρ ◦ uˆ) · (D T
t
ρ )
−1 · ∂tT
t
ρ

?
²|sks}¦ !
 {jlu?q|b8ej
~
euEq|jtqy´
(T tρ )
−1 ◦ T tρ = I
£"e2ye;q
D((T tρ )
−1 ◦ T tρ ) = I
D((T tρ )
−1) ◦ T tρ ·D T
t
ρ = I
k
~
j#"Re;re;uEq|jpoVqrjtsvu­£jtq|bwre{|xOe@3qqrs*qrjtdMe2q@´?£¤eoynl{|sMyeq@´
∂t((T
t
ρ )
−1 ◦ T tρ ) = 0
∂t((T
t
ρ )
−1) ◦ T tρ + D((T
t
ρ )
−1) ◦ T tρ · ∂tT
t
ρ = 0
∂t((T
t
ρ )
−1) ◦ T tρ + (D T
t
ρ )
−1 · ∂tT
t
ρ = 0
 {jlu?q|b8eb8o}jlu­rm?nley´z£"e
~
e
~
m8e
[∂t((D T
t
ρ · uˆ) ◦ (T
t
ρ )
−1)] ◦ T tρ = [∂t(D T
t
ρ · uˆ) ◦ (T
t
ρ )
−1
+ D(D T tρ · uˆ) ◦ (T
t
ρ )
−1 · ∂t((T
t
ρ )
−1)] ◦ T tρ
= ∂t(D T
t
ρ · uˆ) + D(D T
t
ρ · uˆ) · ∂t((T
t
ρ )
−1) ◦ T tρ
= ∂t(D T
t
ρ · uˆ)−D(D T
t
ρ · uˆ) · (D T
t
ρ )
−1 · ∂tT
t
ρ

7·uwsv
~
e"q|sMye;q"qrb?esv|req{qoVq|e2svxOero}q|sy@´k£¤e2u?ee
~
o}np{|sqrb?e2¦¹synlntsV£jlu?j
~
e;uEq|jtq|jle{´
É¹Ê+ïÉÕÆ
 
	ﬁﬀ ?
¤¼    
$
D(φ ◦ (T tρ )
−1) ◦ T tρ = D(φ) · (D T
t
ρ )
−1  v
D(V + ρW ) ◦ T tρ · (D T
t
ρ ) = D((V + ρW ) ◦ T
t
ρ )


º

¬ e{bOo}nlno}x?x?nlqrb?e
Ä
r{qj ~ e;uEq|jtq¥£jtq|b
φ = (D T tρ · uˆ)
«
A
jlu8o}nlntv´zm8{|jtu?oyntnRqrb?e2j ~ euEq|jtq|jle{x?rsVªyeu
oyOsVªvey´£"e ~ e ~ m8;eMq|b?e¥e;zx?|e@{|{|jlsyu s}¦
e1ρ(uˆ, vˆ)
«w¯sV£´+£¤e¥{|jldx8nt(u?e;e ~ q|s¸x?rsVªyeq|b8e¦¹synlntsV£jlu?
nle;dMdojtuwsv ~ e"q|s¥svu8nlm ~ e4qrb?ex?rsEsy¦´
¤¼    
>
∂tT
t
ρ = (V + ρW ) ◦ T
t
ρ −D T
t
ρ · V

}f
²|sks}¦ !
¬ em8{|e4q|b?e ~ e
Ä
u?jtq|jlsyuws}¦+q|b8e2ao}u8{|ªyer{|edoyx´
∂t(T
t
ρ ) = ∂t(Tt(V + ρW ) ◦ Tt(V )
−1)
= ∂t(Tt(V + ρW )) ◦ Tt(V )
−1 + D(Tt(V + ρW )) ◦ Tt(V )
−1 · ∂t(Tt(V )
−1)
= ((V + ρW ) ◦ Tt(V + ρW )) ◦ Tt(V )
−1
−D(Tt(V + ρW )) ◦ Tt(V )
−1 · (DT−1t (V )) · ∂t(Tt(V )) ◦ T
−1
t (V )
= (V + ρW ) ◦ T tρ −D(Tt(V + ρW ) ◦ Tt(V )
−1) · ∂t(Tt(V )) ◦ T
−1
t (V )
= (V + ρW ) ◦ T tρ −D(T
t
ρ ) · V


¬ eu?sV£ syuO{j
~
e;"qrb?eo}x?x8ntjp;o}q|jlsyu´
[0, ρ0]× V → H
∗ ×H10 (div,Ω0)
(ρ, v) 7→ eρ(v)

E
oyu
~
[0, ρ0] → H
ρ 7→ uˆρ = (D T
t
ρ )
−1 · (uρ ◦ T
t
ρ )

y
£b8e;re
uˆρ ∈ V
jp{{svntmzqrjtsvu­sy¦qrb?e{qroVqre2e±Em8oVqrjtsvu´
〈eρ(v), w〉 = 0, ∀w ∈ H

E
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  	 ﬀ 	 ﬀ
	   <	 ﬀ0=0E  	
¤¼    
;   %J%  
ﬀJ
F ∈ Hs(D)
 	 	  
s ≥ 1

1
ρ
(F ◦ T tρ − F )
ρ→0
−→ ∇F · Zt

 4
 ﬁﬀ   	 
Hs−1(D) 
 
   9 
s < 1
   9 ﬀ D! 
   .	    	 
Hs−1(D) 

7·usy ~ e1q|s2x?rsVªye¤q|b?e ~ j "Re;re;uEq|jpo}?jlnljµqsy¦
uˆρ
£jtq|bM|e@{xKeq1q|s
ρ
jluMo4u?ejtvbkOsvm?|b8sEs ~ s}¦
ρ = 0
´}£"e
o}u?u8s}q2m8{eqrb?enpoy{r{jp;oynjldMx?ntjpjtq¦¹m?u8q|jlsyu(q|b?esyre;dw´{|jtu8;eMjµqre±Em?jl|e@{4{q|rsyu8 ~ j "Ke|euEq|jpo}?jlntjtq
re{|m?ntqr{jtu
H−1
¦¹sy4sym?4o}x?x?nljp;oVqrjtsvu«2a
b?e;u©£"e*{|b8oyntn+m8{|eq|b8e£"eo}°wjldMx?ntjpjtq4¦¹m?u83qrjtsvu¸q|b8e;syre;dw´
reo}nlnte ~ Ke;nlsV£´
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ﬂﬂ   %;  
  
X,Y ∗
  	      ﬁ ! 
I
  &0     ! 	 
R

 
 	   ﬀ   	!  	 	  C  	 
e : I ×X → Y ∗
(ρ, x) 7→ e(ρ, x)
2 < 9
0  	!  	 	   < ! 	  
 
ρ 7→ 〈e(ρ, x), y〉
	  ﬁ	 <   	 
 !ﬀ!J,	 ! 	!ﬀ J
y ∈ Y
 
(ρ, x) 7→ 〈∂ρe(ρ, x), y〉
	 ﬁ	 <


 
 
= 	  ,
u ∈ X

  
u ∈ C0,1(I ;X)
e(ρ, u(ρ)) = 0, ∀ ρ ∈ I
 
x 7→ e(ρ, x)
	  	 
  ﬀ ﬁ	    
(ρ, x) 7→ ∂xe(ρ, x)
	  ﬁ	 <


 
 
= 	  ,
ρ0 ∈ I

  
∂xe(ρ, x)|(ρ0,x(ρ0)) ∈ ISOM(X,Y
∗) 

      	 
u(.) : I → X
ρ 7→ u(ρ)
	  	 
  ﬀ ﬁ	    E	 
ρ = ρ0
	!ﬀ  	  C    	 
X
 C	 , 	    ﬀ 	9,	
u˙(ρ)
	 
  0,	 
	   	!  	 	  C 	 ﬀ 	 # C   ﬁ	
〈∂xe(ρ0, u(ρ0)) · u˙(ρ0), y〉+ 〈∂ρe(ρ0, u(ρ0)), y〉 = 0, ∀ y ∈ Y

 5
É¹Ê+ïÉÕÆ
 
	ﬁﬀ 
º
7·usv ~ e;Rq|so}x?x?nlq|b?e²oyOsVªve1q|b?esyre;d q|s²±K«

k ´0£"eJu?e;e ~ q|s{qro}q|eXqrb?eX¦¹svntnlsV£jtu8x?|svxOeqrjte@{;´
¤¼    
G
 
  	 
[0, ρ0] → R
ρ 7→ 〈eρ(v), w〉

}
	 
C1
	!ﬀ
J
(v, w) ∈ V ×H
  	 ,  !ﬀ 	ﬁ		   	9  !  	!  	 	   !ﬀ!	 
〈∂ρe
ρ
1(v), w〉 =
∫
Q(V )
[
(∂t(D(Z
t
ρ · T
t
ρ ) · v)) + (D(D(Z
t
ρ · T
t
ρ ) · v) · V + (D(D(Z
t
ρ · T
t
ρ ) · v) · v)
+ D
[
(D(V + ρW ) · Ztρ) ◦ T
t
ρ +W ◦ T
t
ρ
]
· v − ∂ρ(F (V + ρW ) ◦ T
t
ρ )
]
· (D T tρ · w)
+
[
(∂t(D T
t
ρ · v)) + (D(D T
t
ρ · v) · V + (D(D T
t
ρ · v) · v)
+(D((V + ρW ) ◦ T tρ ) · v)− (F (V + ρW ) ◦ T
t
ρ
]
· (D(Ztρ · T
t
ρ ) · w)
+ ν(D(D(Ztρ ◦ T
t
ρ ) · v) · (D T
t
ρ )
−1) · ·(D(D T tρ · w) · (D T
t
ρ )
−1)
− ν(D(D T tρ · v) · (D T
t
ρ )
−1) · D(Ztρ ◦ T
t
ρ ) · (D T
t
ρ )
−1) · ·(D(D T tρ · w) · (D T
t
ρ )
−1)
+ ν(D(D T tρ · v) · (D T
t
ρ )
−1) · ·(D(D(Ztρ ◦ T
t
ρ ) · w) · (D T
t
ρ )
−1)
− ν(D(D T tρ · v) · (D T
t
ρ )
−1) · ·(D(D T tρ · w) · (D T
t
ρ )
−1) ·D(Ztρ ◦ T
t
ρ ) · (D T
t
ρ )
−1)
²|sks}¦ !
¬ e
Ä
{q{|jtdMx?nljt¦¹¥q|b8eezx?re{r{jlsyu­s}¦+q|b?e2£"eo}°­{qoVq|e2svxOero}q|sy@´km8{|jtu?qrb8oVq
∂tT
t
ρ = (V + ρW ) ◦ T
t
ρ −D T
t
ρ · V
ïï ÍKL!M#NPO
}f    
  	 ﬀ 	 ﬀ
	   <	 ﬀ0=0E  	
oyu ~ £¤e2ye;q´
〈eρ1(v), w〉 =∫ T
0
∫
Ωt(V )
[
(∂t(D T
t
ρ · v)) + (D(D T
t
ρ · v) · V + (D(D T
t
ρ · v) · v)
+(D((V + ρW ) ◦ T tρ ) · v)− (F (V + ρW ) ◦ T
t
ρ
]
· (D T tρ · w)
+ ν(D(D T tρ · v) · (D T
t
ρ )
−1) · ·(D(D T tρ · w) · (D T
t
ρ )
−1)
¬ em8{|e4q|b?ee;kx8|e@{|{|jtsvuﬀsy¦qrb?e£¤e@o}°¥{qro}q|e2syxKe;oVqrsyo}u ~ qrb?e2¦¹synlntsV£jlu?j ~ e;uEq|jtq|jle{´
∂ρT
t
ρ = Z
t
ρ ◦ T
t
ρ
∂ρ(D T
t
ρ )
−1 = −(D T tρ )
−1 ·D(Ztρ ◦ T
t
ρ ) · (D T
t
ρ )
−1

¤¼
    3
 
  	 
[0, ρ0]× V → H
∗
(ρ, v) 7→ ∂ρe
ρ(v)

z
	  	    ﬁ	 <
²|sks}¦ !
¬ e*o}u©x8|sVªve2q|b8o}q¦¹sy
(V,W ) ∈ V
´Oq|b?eMoy{r{|sk;jlo}q|e
~
®OsV£
T tρ ∈ C
1([0, ρ0[; C2(D,R
3))
´o}u
~
q|b?e
£"eoy°¥svuvqrjtukm?jtq¦¹svntnlsV£{
eov{jlntv«

7·u­sy
~
e;¤q|so}x?x8ntMqrb?ejldMx?nljl;jµq
¦¹m?u8q|jlsyu
~
e;rjlª0o}q|jlªyej
~
euEq|jtqy´k£¤e4u?ee
~
qrs*e;zx?|e@{|{²q|b8e
~
e|jlªVoVqrjtªve
∂ρe
ρ(v)
o}qxOsvjtuEq
ρ = 0
´
É¹Ê+ï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ﬁﬀ v
¤¼    

〈∂ρe
ρ
1|ρ=0(v), w〉 =
∫
Q(V )
[∂t(DZt · v) + D(DZt · v) · V + D(DZt · v) · v + D [D V · Zt +W ] · v] · w
+ [∂tv + D v · V + D v · v + DV · v] · (DZt · w) + ν D(DZt · v) · ·Dw
− ν(D v ·DZt) · ·Dw + ν D v · ·D(DZt · w) − ν D v · ·(Dw ·DZt)
+ [∂tW + DW · V + DV ·W − ν∆W ] · w + (D [∂tV + DV · V − ν∆V ] · Zt) · w
+ [∂tV + DV · V − ν∆V ] · (DZt · w)
²|sks}¦ !
¬ e{|eq
ρ = 0
jluﬂq|b?ee;kx8|e@{|{|jtsvuﬀsy¦
〈∂ρeρ(v), w〉
o}u
~
£"em8{e4qrb?e2¦¹synlntsV£jlu?j
~
e;uEq|jtq|jle{´
T tρ=0 = I
Ztρ|ρ=0
def
= Zt

¤¼
   
ﬂ0F
   	  
V → H∗
v 7→ eρ(v)

y
	  	 
 !ﬀ!J,	 !  	!ﬀ
J
ρ ∈ [0, ρ0]
  	    ﬀ 	9,	 	  	 #    	!  	 	   ! ﬀ  	
〈∂ve
ρ
1(v) · δv, w〉 =
∫ T
0
∫
Ωt(V )
[
(∂t(D T
t
ρ · δv)) + D(D T
t
ρ · δv) · V + D(D T
t
ρ · δv) · v + D(D T
t
ρ · v) · δv
+(D((V + ρW ) ◦ T tρ ) · δv)
]
+ ν(D(D T tρ · δv) · (D T
t
ρ )
−1) · ·(D(D T tρ · w) · (D T
t
ρ )
−1)
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[0, ρ0]× V → L(V ;H
∗)
(ρ, v) 7→ ∂ve
ρ(v)


º

	 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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V → F
δv 7→ ∂ve
ρ=0(v) · δv

Vf
	  	   ﬀﬁ<	     	 ,  !ﬀ!	 	  	 0ﬀ J	 P      	!  	 	  C	   ﬁ	 ,!
〈∂ve
ρ=0
1 (v) · δv, w〉 =∫
Q(V )
[(∂tδv) · w + (D δv · v) · w + (D v · δv) · w + (D δv · V ) · w
+(DV · δv) · w + ν D δv · ·Dw]
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[(∂ty) · w + (D y · u1) · w + (D u2 · y) · w + (D y · V ) · w + (D V · y) · w
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u˙P = ∂ρ(uˆρ)|ρ=0
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ρ=0(v)|v=uˆ · u˙P , w〉+ 〈∂ρe
ρ(uˆ)|ρ=0, w〉 = 0, ∀w ∈ H
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∫
Q(V )
[
(∂tu˙
P ) · w + (D u˙P · u) · w + (D u · u˙P ) · w + (D u˙P · V ) · w
+(DV · u˙P ) · w + ν D u˙P · ·Dw
]
= 〈L(u, Zt, V,W ), w〉
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〈L(u, Zt, V,W ), w〉 =
−
∫
Q(V )
[∂t(DZt · u) + D(DZt · u) · V + D(DZt · u) · u+ D [DV · Zt +W ] · u] · w
− [∂tu+ D u · V + D u · u+ DV · u] · (DZt · w) − ν D(DZt · u) · ·Dw
+ ν(D u ·DZt) · ·Dw − ν Du · ·D(DZt · w) + ν Du · ·(Dw · DZt)
+ [−∂tW −DW · V −D V ·W + ν∆W ] · w − (D [∂tV + DV · V − ν∆V ] · Zt) · w
− [∂tV + DV · V − ν∆V ] · (DZt · w)
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〈eV (u˜), v〉 = 〈[e
1
V (u), e
2
V (u)], v〉 = [0, 0], ∀ v ∈ H
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〈e1V (u˜), v〉 =
∫ T
0
∫
Ωt(V )
[(∂tu˜+ D u˜ · u˜+ D u˜ · V + DV · u˜) · v + 2νε(u˜) · ·ε(v)− F (V ) · v]
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〈e2V (u˜), v〉 =
∫
Ω0
(u˜(0)− u0) · v(0)
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ε(v) = 12 (D v +
∗D v)
{qo}u ~ {¦¹syqrb?e{|EdMdMeqr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−ν
∫
Ωt
∆u · v = 2ν
∫
Ωt
ε(u) · ·ε(v)− 2ν
∫
Γt
〈ε(u) · n, v〉, ∀ v ∈ H1(div,Ωt)
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u˜′ = ˙˜u − D u˜ · Zt
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∂tu˜
′ + D u˜′ · u˜+ D u˜ · u˜′ + D u˜′ · V + DV · u˜′ − ν∆u˜′ +∇p′ = L(V,W ), Q
div(u˜′) = 0, Q
u˜′ = −(D u˜ · n)〈Zt, n〉, Σ
u˜′(0) = 0, Ω0
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L(V,W ) = −∂tW −DW · V −DV ·W + ν∆W −D u˜ ·W −DW · u˜
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(∫
Ωt(V )
G(V )dx
)
·W =
∫
Ωt(V )
G′(V ) ·Wdx+
∫
Γt(V )
G 〈Zt, n〉
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G′(V ) ·W
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G = [(∂tu˜+ D u˜ · u˜+ D u˜ · V + DV · u˜) · v + νε(u˜) · ·ε(v)− F (V ) · v]
¬ eoy{r{|m?dMeqrb8oVq
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bOoy{oMsvdxOoy3q{|m?x?xKsy|q´zqrb?e;u
G|Γt(V ) = 0
«
¤¼
   
ﬂ<$
G′(V ) ·W = [(∂tu˜
′ + D u˜′ · u˜+ D u˜ · u˜′ + D u˜′ · V + D u˜ ·W
+ DW · u˜+ D V · u˜′) · v + νε(u˜′) · ·ε(v)− F ′(V ) ·W · v]
	 	  
F ′(V ) ·W = −∂tW −DW · V −D V ·W + ν∆W
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d
dV
〈e1(u˜) ·W, ·v〉 =
∫
Q(V )
[(∂tu˜
′ + D u˜′ · u˜+ D u˜ · u˜′ + D u˜′ · V + D u˜ ·W
+ DW · u˜+ D V · u˜′) · v + νε(u˜′) · ·ε(v) − F ′(V ) ·W · v]
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v ∈ H
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∫
Q(V )
νε(u˜′) · ·ε(v)
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rre3q{q|rsyu?
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rjtªVoVqrjtªvews}¦2q|b?e©;syu ~ jµqrjtsvu
u˜ = 0,
syu
Γt(V )
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u˜′ = −Du · Zt,
syu
Γt(V )
hzjtu8;e
u = 0
syu
Γt(V )
´8£¤eb8o0ªve
Du|Γt = D u · (n⊗ n)
£b?jpbwyjlªye{
u˜′ = −(D u · n)〈Zt, n〉,
syu
Γt(V )
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u′(V ) ·W = u˜′(V ) ·W +W
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∂tu
′ + D u′ · u+ D u · u′ − ν∆u′ +∇p′ = 0, Q
div(u′) = 0, Q
u′ = W + (DV · n−D u · n)〈Zt, n〉, Σ
u′(0) = 0, Ω0
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V = (V ◦ p)
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u′ = W − (D u · n)〈Zt, n〉,
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Γt(V )
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u′(V ) · W
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jlu q|b?edMsVªkjlu? ~ sydo}jlu
Ωt(V )
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    	!ﬀ 	     ﬀ 	9,	   ˙˜u
P
(V )·W
   9 	!ﬀ  	 C  !ﬀ 	  !ﬀ 	ﬁ	  	  0	 	   	
u˜ = u(V ) − V
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(V ) ·W = u˜′(V ) ·W + [u˜(V ), Zt]
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= u′(V ) ·W + [u(V ), Zt]− [V, Zt]−W
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[X,Y ] = DX · Y −DY ·X 
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∫
Q(V )
[∂t(D u˜ · Zt) + D(D u˜ · Zt) · u˜+ D u˜ · (D u˜ · Zt) + D(D u˜ · Zt) · V
+ DV · (D u˜ · Zt)] · w −
∫
Q(V )
[D u˜ · (DZt · u˜) + DV · (DZt · u˜)−D(D V · Zt) · u˜] · w
+ [∂tu˜+ D u˜ · V + D u˜ · u˜+ D V · u˜] · (DZt · w) −D u˜ ·W · w
+ ν D(D u˜ · Zt) · ·Dw − ν(D u˜ ·DZt) · ·Dw + ν D u˜ · ·D(DZt · w) − ν D u˜ · ·(Dw · DZt)
+ (D [∂tV + DV · V − ν∆V ] ·Zt) ·w+ [∂tV + DV · V − ν∆V ] · (DZt ·w) = 0, ∀w ∈ H
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∫
Q(V )
[∂tu˜
′ + D u˜′ · u˜+ D u˜ · u˜′ + D u˜′ · V + D V · u˜′] · w + ν D u˜′ · ·Dw = 〈`1, w〉
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£jtq|b
〈`1, w〉 =
∫
Q(V )
[−∂tW − DW · V −DV ·W + ν∆W −D u˜ ·W −DW · u˜] · w
a
b8e;uÃ£¤e{|eq
u˜′(V ) = ˙˜u
P
− [u˜, Zt] = ˙˜u
P
− D u˜ · Zt + DZt · u˜
«¥a
b8jl{nleo ~ {4q|swqrb?eM¦¹synlnlsV£jtu?
j ~ euvqrjµqv´
∫
Q(V )
[
(∂tu˙
P ) · w + (D u˙P · u) · w + (D u · u˙P ) · w + (D u˙P · V ) · w
+(DV · u˙P ) · w + ν D u˙P · ·Dw
]
= 〈`2, w〉
£jtq|b
〈`2, w〉 =∫
Q(V )
[∂t(D u˜ · Zt) + D(D u˜ · Zt) · u˜+ D u˜ · (D u˜ · Zt) + D(D u˜ · Zt) · V
+ DV · (D u˜ · Zt)] · w −
∫
Q(V )
[∂t(DZt · u˜) + D(DZt · u˜) · u˜+ D u˜ · (DZt · u˜)
+ D(DZt · u˜) · V + DV · (DZt · u˜)] · w +
∫
Q(V )
[ν D(D u˜ · Zt) · ·Dw − ν D(DZt · u˜) · ·Dw]
+
∫
Q(V )
[−∂tW −DW · V −DV ·W + ν∆W −D u˜ ·W −DW · u˜] · w
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〈`2, w〉 = 〈L,w〉, ∀w ∈ H

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£jtq|b&´
〈L,w〉 =
−
∫
Q(V )
[∂t(DZt · u˜) + D(DZt · u˜) · u˜+ D(DZt · u˜) · V + D(D V · Zt) · u˜+ DW · u˜] · w
− [∂tu˜+ D u˜ · V + D u˜ · u˜+ DV · u˜] · (DZt · w) − ν D(DZt · u˜) · ·Dw
+ ν(D u˜ ·DZt) · ·Dw − ν D u˜ · ·D(DZt · w) + ν D u˜ · ·(Dw · DZt)
+ [−∂tW −DW · V −D V ·W + ν∆W ] · w − (D [∂tV + DV · V − ν∆V ] · Zt) · w
− [∂tV + DV · V − ν∆V ] · (DZt · w)
ïï ÍKL!M#NPO
º    
  	 ﬀ 	 ﬀ
	   <	 ﬀ0=0E  	
a
b8e2{|e±Em?eu8e
[−∂t(DZt · u˜)−D(DZt · u˜) · u˜−D(DZt · u˜) · V −DW · u˜] · w − ν D(DZt · u˜) · ·Dw
+ [−∂tW −DW · V −DV ·W + ν∆W ] · w
o}u8;e;np{o}u ~ jtq|edMoyjtuO{"q|b?e2¦¹svntnlsV£jtu8qre;rdM{´
∫
Q(V )
[∂t(D u˜ · Zt) + D(D u˜ · Zt) · u˜+ D u˜ · (D u˜ · Zt) + D(D u˜ · Zt) · V
+ DV · (D u˜ · Zt)] · w −
∫
Q(V )
[D u˜ · (DZt · u˜) + DV · (DZt · u˜)−D(D V · Zt) · u˜] · w
+ [∂tu˜+ D u˜ · V + D u˜ · u˜+ D V · u˜] · (DZt · w) −D u˜ ·W · w
+ ν D(D u˜ · Zt) · ·Dw − ν(D u˜ ·DZt) · ·Dw + ν D u˜ · ·D(DZt · w) − ν D u˜ · ·(Dw · DZt)
+ (D [∂tV + DV · V − ν∆V ] · Zt) · w + [∂tV + D V · V − ν∆V ] · (DZt · w) = 0
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u˜ = u− V
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(u, Zt, V,W ) 
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j(V )
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V ∈ Uad
  	  	 ﬀ ,	  !ﬀ 	ﬁ	9 9  	!  	 	     ﬀ! 	 
〈j′(V ),W 〉 =
∫
Q(V )
αu(V ) · u′(V ) ·W +
∫
Σ(V )
[
γV ·W +
1
2
(α+ γ H)|V |2〈Zt, n〉
]
,
∀W ∈ Uad

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u′(V ) ·W
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j(V ) =
α
2
∫ T
0
∫
Ωt(V )
|u(V )|2 +
γ
2
∫ T
0
∫
Γt(V )
|V |2
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a
b8e ~ j "Re;re;uEq|jpo}?jlnljµq©x8|svxOeqwjp{4oyu(e@oy{|¸syuO{e@±vm8e;u8;e*sy¦Jq|b?e ~ j "Re;re;uEq|jpo}?jlnljµq¸sy¦
JV (u)
£jtq|b
re{|xKe3qqrs
(u, V )
o}u ~ q|b8e{b8oyxOe ~ j#"Re;re;uEqrjloy?jtnljtqﬀs}¦
u(V )
£jµqrbﬂre{|xKe3qq|s
V
«"a
b?ee;kx8|e@{|{|jtsvu
sy¦&qrb?e ~ jl|e@3q|jlsyuOo}n ~ e|jlªVoVq|jlªye2jp{o ~ jtreqsvu8{e@±Em?e;u8;esy¦1a
b&«

f"oyu ~ a
b«
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 {jlu?ﬂq|b8eM®8m?j ~ o ~ syjluEq{qoVqreMoyu ~ q|b?e¥o ~ syjluEq2q|o}u8{|ªyer{|e
Ä
e;n ~ ´&jtqjl{xOsE{|{|jt8nteq|swj ~ e;uEqrjµ¦¹(q|b?e
vro ~ jle;uEq ~ jl{q|rjt8mzq|jlsyu¸oy{r{|sk;jlo}q|e ~ q|sqrb?e2¦¹m?u8q|jlsyu8oyn
j(V )
´
 
- ¼kÀ  ¼ 
ﬂ<$ 
ﬀ
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j(V )
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Γt(V )
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∇j(V ) = −λn− σ(ϕ, pi) · n+ γ V

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(ϕ, pi)
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
−∂tϕ−Dϕ · u+
∗D u · ϕ− ν∆ϕ+∇pi = αu, Q(V )
div(ϕ) = 0, Q(V )
ϕ = 0, Σ(V )
ϕ(T ) = 0, ΩT

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λ
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{
−∂tλ−∇Γ λ · V = f, (0, T )
λ(T ) = 0, ΓT (V )

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f = −(σ(ϕ, pi) · n) · (DV · n−D u · n) + 12 (α+ γ H)|V |
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q|b?e2¦¹svntnlsV£jtu8j
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euvqrjµqv´
∫ T
0
∫
Ωt(V )
[∂tu
′ + D u′ · u+ D u · u′ − ν∆u′ +∇ p′] v −
∫ T
0
∫
Ωt(V )
q div u′
=
∫ T
0
∫
Ωt(V )
[−∂tv −D v · u+
∗Du · v − ν∆v +∇ q]u′ −
∫ T
0
∫
Ωt(V )
p′ div v
+
∫ T
0
∫
Γt(V )
[p′ n · v − νv · ∂nu
′ + νu′ · ∂nv − u
′ · q n]

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(ϕ, pi)
´0q|sKeXqrb?e²{|synlmzq|jlsyu2s}¦Eq|b8e²o
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(v, q) = (ϕ, pi)
jluw²±K«
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∫ T
0
∫
Ωt(V )
αu · u′ = −
∫ T
0
∫
Γt(V )
〈σ(ϕ, pi) · n, u′〉
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Γt(V )
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u′ = W + (D V · n−Du · n)〈Zt, n〉,
syu
Γt(V )
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〈j′(V ),W 〉 =
∫ T
0
∫
Γt(V )
[
−(σ(ϕ, pi) · n) · (DV · n− Du · n) +
1
2
(α+ γ H)|V |2
]
〈Zt, n〉
+
∫ T
0
∫
Γt(V )
[−σ(ϕ, pi) · n+ γV ] ·W
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E = −(σ(ϕ, pi) · n) · (DV · n−D u · n) + 12 (α+ γ H)|V |
2 ´?o}u ~ £¤e
veq
q|b8esyrre3q
re{|m?nµq@«

­¼   z	
; 
    ! 	   9
pi(D(V − u) · n) · n = pi div V |Γt
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(D(V − u) · n) · n = div(V − u)|Γt − divΓ(V − u)
    	! 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V −u = 0
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Γt 
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f = −ν(Dϕ · n) · (DV · n−D u · n) +
1
2
(α+ γ H)|V |2
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|jlKe"b8sV£ q|s8m?jtn ~ o}uMo}x?x8|svx?|jpoVqre"o}vroyu?yjpo}u¦¹m8u83qrjtsvu8o}n
qrb8oVq4;o}uwqo}°vejtuEq|s­oy;;sym?uEqoyntn&q|b?e;syu8{q|o}jluEqr{jldMxOsE{e ~ kﬀqrb?edMeb8oyu?jp;o}n&x?|sv?nle;dw´O{|m8b©oy{
qrb?e ~ jlªye|ve;u8;e¦¹re;esvu ~ jtq|jlsyuﬂsy
qrb?eu?syu?¨_b?svdMsyyeu?e;svm8{  jl|jpb?nleqKsym?u ~ o}r¥svu ~ jtq|jlsyu8{«
> ﬂﬂ 
	*%*¤ÁE" : ¼ 
1
¼
 
¡ ¼ ¡ À
 
ÁE"¹#" À
 
a
b8e ~ jlªye|ve;u8;ew¦¹|ee(svu ~ jtq|jlsyu ;sydMjlu? ¦¹rsyd q|b?e(¦äoyqﬀqrb8oVq­q|b?e(®8m?j ~ b8ov{­oyu b?sydMsvye;u8e;symO{
~ e;u8{|jµqMo}u ~ e;ªysvntªve{Xov{Jo}ujlu8svdMx?|e@{|{|jl?nte
®OsV£ jp{ ~ j ¥m?ntq²qrsjldxKsv{|esvuMq|b?edMo}q|b?edoVq|jp;oyn8o}u ~
ukm?dMe|jp;oyn&xKsyjluvqs}¦Jªkjte£«¬ e*{|m?yve{qoVq4nte@oy{q
º
xKsv{r{jl?nleb?syjpe@{qrsﬀb8oyu ~ nleq|b?jp{4syu ~ jµqrjtsvu©jlu
svm?¶¸jluz¨·¶©oV¥¦¹sv|d*m?npoVq|jlsyu&´
y« 7íq¥;o}u Ke­qo}°ve;uBjluEq|s$oysvm?uEqjluBqrb?e¸{qoVqreﬂoyu ~ d*m?ntq|jlx?ntjle;{{|x8oy;e{« 7·uBqrb?jp{;oy{|ey´²q|b?e
~ jlªye;ryeu8e2¦¹re;e*syu ~ jµqrjtsvu¸dm8{qKejlukª0oy|jpo}uEq£jtq|b¸re{|xKe3qq|s¥qrb?em8{|esy¦1q|o}u8{|xOsvqdoyx
~ m?rjtu8 q|b8e ~ e|jlªVoVqrjtsvu s}¦svxzq|jldo}nljµq ;syu ~ jtq|jlsyu ¦¹sy­q|b?eÃ&oyyo}u?vjloyuB¦¹m?uO3q|jlsyuOo}n_« a
b8jl{
|e ~ m8;e{qrb?eMb?syjpesy¦²o}x?x8|svx?|jpoVqredo}x8{o}u ~ jlu ~ ee ~ qrb?eMŁ dMoyx
Tt
~ ske{u8s}q4{roVqrjl{¦¹
q|b?jp{jlukª0oy|jpo}uOe2syu
~
jµqrjtsvu«
7íqXjl{£¤entnk°ku?sV£uqrb8oVq1qrb?e¤²jtsvnloq|o}u8{¦¹syrd
~
ske{+x?re{|e;rªyeXqrb?e
~
jtªve;rye;uOe¤±Em8oyuEq|jtqy« 7·u
~
e;e
~
£¤ebOo0ªyey´Eqrb?e2¦¹synlntsV£jlu?x?rsyxKe;|q !
²¼
   
ﬂ<;   $ 
   	  ,ﬀ 	!ﬀ 
Pt : H
1
0 (div,Ω0) −→ H
1
0 (div,Ωt)
ϕ 7−→ ((Jt)−1 DTt · ϕ) ◦ T
−1
t

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a
b?jp{¥u?e£ qrroyu8{¦¹sv|d jtuEq|rs
~
m8;e{¥o
~?~
jtq|jlsyu8oyndMo}q|b?edoVq|jp;oyno}u
~
;sydMx?mzqoVqrjtsvu8o}ne "Ksvq{;´
?mzq2jµq2{ee;d{qrsﬀKeqrb?eKe{q4oyx?x?rsvoybﬂjlu©sy
~
e;q|s¥veq4|jlysv|svm8{
doVq|b8e;doVqrjlo}n?mO{qrj
Ä
oV¨
q|jlsyu8{²s}¦Rq|b8e&oyyo}u?vjloyu¦¹o}dMe;£"syr°jtuMqrb?e;syuEq|e;Eq¤s}¦Ru?syuz¨·knljtu
~
|jp;oyn8o}u
~
¦¹re;eOsvm?u
~
oy|
x?rsy?nle;d{«
z«u?e£
o0­q|swo0ªysyj
~
q|b?em8{|esy¦Jq|b?jp{q|o}u8{¦¹syrd jl{q|b?exKe;u8oyntjl§o}q|jlsyu¸s}¦²q|b?e
~
jtªve;ryeu8e¦¹re;e
svu
~
jtq|jlsyu jlu8{|j
~
e*qrb?eM¯o0ªkjte¨hEqrsy°ye@{{|z{qre;dw«e;q
ε > 0
KeMo­{doyntn1x8oyroyde;q|e´R£"e*do0
svu8{j
~
e
q|b?eu?e£ xKe;u8oyntjl§;e
~
{z{q|e;d !


∂tu+ Du · u− ν∆u−
1
ε
∇(div u) = 0, Q
u = V, Σ
u(t = 0) = u0, Ω0 × R
2

5 5
£jµqrb
σε(u) = 1ε div(u) I +ν(Du+
∗D u)
«
¬(e­do0 £"syr° £jtq|b {m8b o dMs
~
j
Ä
e
~
{|k{q|edw´
~
e;rjtªveq|b?e­syxzqrjtdoyntjtq$syu
~
jµqrjtsvu8{sy¦q|b?e
xOeu8o}nljl§;e
~
o}yo}u8yjpo}uÃ¦¹m?u8q|jlsyu8oyno}u
~
Ä
u8oyntnl xKe;|¦¹syrd o}u oy{|kdMxzq|syq|jpﬂoyu8o}nlz{jp{syu q|b?e
ïï ÍKL!M#NPO
º    
  	 ﬀ 	 ﬀ
	   <	 ﬀ0=0E  	
o ~ svjtuEqo}u ~ x?rjtdo}nR{|k{q|edw«
A
sy"q|b8eqrjtdMe2Oejtu88´kjµq
jp{¤u8s}qnleo}"jt¦+{|m8bﬀo*x?|sz;e ~ m?redo0
oyq|m8oyntnl©£"syr°K´{|jtuOeMe;ªve;u(¦¹sy2u?syu?¨_dMsVªkjtu8ﬂ¯o0ªEjle;|¨hEq|sv°ye{x?rsy?nle;dw´qrb?esyukªve;rye;uOesy¦
q|b?exKe;uOo}nljt§e ~ o ~ svjtuEqjp{u?s}qe@{qo}?nljl{|b?e ~ «
º
«Ł q|b?jl ~ b?svjl;ejp{¤q|sMjlu8nlm ~ e4q|b8e ~ jtªve;ryeu8e¦¹|ee2;syu ~ jµqrjtsvu ~ jl|e@3qrnt¥jluEq|s*q|b?eo}vroyu?yjpo}u
¦¹m?u8q|jlsyu8oynqrb8o}u8°k{q|sﬂo¥d*m?nµqrjtx8ntjle;q|b8o}q4do0ﬂx?npo0­qrb?ersynlesy¦Xq|b?eMo ~ syjluvq4ªVo}rjloy?nte*oy{r{sy¨
jpoVqre ~ q|sqrb?ex?rjtdoynx?re{r{m?re2ªVo}rjloy?ntev«²a
b?jp{nleo ~ {jtu©oM;e;|qro}jlu¸{eu8{|e2q|s¥o{ro ~?~ nlexKsyjluvq
¦¹syrdm?npoVqrjtsvu¸sydjtze ~ ¦¹sv|d*m?npoVq|jlsyuwsy¦Xq|b?e¯o0ªkjte¨hEqrsy°ye@{{z{q|edﬂ« 7íqjp{£"e;nln°ku?sV£uwqrb8oVq
q|b?e£"e;nlnt¨_xKsv{|e ~ u8e{r{²sy¦+{|m8bﬀ¦¹sv|d*m?npoVq|jlsyuO{²jp{
syu?nl¥e@{qo}?nljl{|b?e ~ ¦¹sy
qrb?ehEq|sv°ye@{"{|z{qre;dw´?o}u ~
q|b8o}qMq|b?ew¯o0ªkjle;|¨·hEqrsy°ve{{|m "Re;{¦¹rsyd o nlov°Ãs}¦;syukªye;kjtq £b?jtnleﬂqroy°ye;uBjtuEq|sÃoysvm?uEq*jlu
q|b?e­&o}vroyu?yjpo}u©¦¹m?u83qrjtsvu8o}n_«  "mzq{qrjtnlnG´+jtq*{ee;d{4q|s¸Keqrb?e¥eov{jle{q£"o0v´o}qnte@oy{qsyu q|b?e
doVq|b8e;doVqrjlo}n1sydMx?m?qroVqrjtsvu©xKsyjluvq2s}¦Jªkjle;£´Kq|s ~ e@o}n+£jµqrb ~ jlªye|ve;u8;e2¦¹|ee;syu ~ jtq|jlsyu jtu o
{eu8{|jµqrjtªkjtqÃoyu8o}nlz{jp{sy¦q|b?eﬂdMsVªkjtu?({z{q|e;dw« 7·u q|b8e­{|e±Em?e;n_´X£"e­o ~ syxzqM{m8b o({qrro}q|eyy´
°yee;x?jlu?MjtuwdMjlu ~ ´?jtqr{npoy°sy¦+rjlysyrsymO{²doVqrb?e;do}q|jp;o}nkmO{qrj
Ä
oVqrjtsvu«
> ﬂ % 
À
 
¾ - À  À
1
¼
 
¼kÀ  À 
 
Á+ z ½ ¡ À
 
ÁE"¹#" À
 

a
b8e
¯o0ªkjte¨hEq|sv°ye@{{|z{qre;d

²±K«

 +jtukªvsynlªye{+o}uMe@{|{|e;uEq|jpo}nku?svuz¨íb?sydMsyve;u?esym8{

jtrjlb8nte;qJOsvm?u
~
¨
oy|¥;syu
~
jµqrjtsvu´
u = V,
syu
Γt(V )

@y
Łvoyjtu´¤q|b8e;re©ezjp{q{
~
j "Ke|euvq¥dMe;q|b?s
~
{¥q|sÃqroy°ye¸jluEq|s oysvm?uEqqrb?jp{¥Ksym?u
~
o}r svu
~
jtq|jlsyu jlu o
¶©jtuz¨·¶©o}¥¦¹syrdm?npoVqrjtsvu´
y«
¬(ew;oyu$m8{|e­o©nljt¦Õq|jlu?(sy¦q|b?e­Osvm?u
~
oy|Ãsvu
~
jtq|jlsyu8{*jlu8{j
~
eﬀq|b?e­®8m?j
~ ~
svdMoyjtu o}u
~ ~
e
Ä
u?e
oÃb8o}u?ve­sy¦ªVo}rjpo}?nleﬀjlu8{|j
~
eﬂqrb?e©svm?x?nle
~
{z{q|e;dw´"oy{
~
syu8eﬂjlu hkeq|jlsyu

f« 7íqb8ov{q|b?e
~
o0£8oy°wqrsﬂx8mzqo
~?~
jµqrjtsvu?u8o}n1qre;rd{jtuO{j
~
eq|b?e¥o}vroyu?yjpo}u¸¦¹m8u83qrjtsvu8o}np{o}u
~
qrsﬂjldMxOsE{e
dMsyre4re;vm?npo}rjµqsvuﬀqrb?eOsvm?u
~
oy|­syu
~
jµqrjtsvu8{«
z«
¬(eo}u­m8{eoªye|£"eoy°M¦¹syrdm?npoVqrjtsvuﬀsy¦&q|b8e2{qro}q|e2e±Em8o}q|jlsyu´?;syu8{|jp{qrjtu?jluﬀqrs}qroyntnlqrroyu8{¨
xOsE{jlu?q|b8enloyx?nlovjpo}uﬂsyxKe;oVqrsy@´
∫
Ωt
−ν∆u · φ =
∫
Ωt
−ν∆φ · u+
∫
Γt
ν [u · ∂nφ− φ · ∂nu] dΓ

@?
a
b?e;uÃ£"e{b8oyntn¤{m?O{qrjµqrmzq|ejlu8{|j
~
eMqrb?jp{j
~
e;uEq|jtq¸q|b8e
~
e{|jlroy?nteKsym?u
~
o}r svu
~
jtq|jlsyu8{«¬(e
|e@sVªve;+q|b?eKsym8u
~
o}r;syu8{q|o}jluEqr{1jluxKe;|¦¹syrdMjtu82oyuMjtuEq|eyoVqrjtsvukx8oyq{1jtuqrb?esyx?q|jldMoynµ¨
jµqÃsvu
~
jtq|jlsyu8{syrre{|xOsvu
~
jlu?ﬂq|swq|b8eﬀ{eu8{|jµqrjtªkjtq(£jtq|b$re{|xOe@3qqrs¸q|b?eﬀdm?ntq|jlx?nljter{«ﬂa
b8jl{
x?rsk;e
~
m8|eb8oy{Ke;e;uÃo}nlreo
~
ﬂmO{e
~
jluﬃﬂÚy"Xqrs­xKe;|¦¹syrd {|b8o}xKe*svxzq|jldMjt§@oVqrjtsvu x?rsy?nle;d{¦¹sy
e;nlntjlxzqrjl2e@±vmOoVq|jlsyuO{
m8{jlu?¶¸jluz¨·¶©oVﬀx8|jlu8jlx?nle{«
ﬀ¼
  z	
G
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* E"äÁ ;@ z ¼ À / ¼ V z À 
7·uBq|b?jp{{e@3q|jlsyu £¤eﬂ{bOo}nln"{|m?dMdo}rjt§e¥q|b8e ~ j "Re;re;uEqsvxzq|jlsyuO{qrb8oVq£¤eﬂb8o0ªye­b?sv{|e;u$¦¹svqrb?ew&oV¨
vroyu?yjpo}uM¦¹o}dMe£¤sv|°Mo}u ~ﬀ~ e
Ä
u8eqrb?e2ª0oy|jpoVqrjtsvu?u8oynO{qroVqresvxOero}q|sv¤svu8{q|o}jluvq@«27·uﬀq|b?e2{|e±Em?e;n_´k£¤e
£jlnlnKu8e;e ~ q|s ~ e
Ä
u8ex?re;jl{|e{qro}q|e4o}u ~ dm?ntq|jlx?nljte
{|x8ove{²jtu­sy ~ e;¤q|s*e;u ~ sV£ sym?"x?rsy?nle;d £jtq|b­o
o}vroyu?yjpo}u¦¹m8u83qrjtsvu8o}nR¦¹o}dMe;£"syr°R«
A
synlntsV£jlu?*q|b?ee;zjl{q|eu8e2re{|m?nµq{qro}q|e ~ x?re;ªkjlsym8{|nly´k£¤ejluEq|rs ~ m8e4qrb?e2®8m?j ~ {qoVq|e{|x8oy;e{!
X(Ωt)
def
=
{
u ∈ H2(0, T ; (H2(Ωt))
d ∩ (H1(Ωt))
d)
}
Z
def
=
{
p ∈ H1(0, T ; (H1(D))d)
}
£"eo}np{su?ee ~ q|e@{q¦¹m?uO3q|jlsyu¸{|x8oy;e{"qrb8oVq£jlntnKem8{|e¦¹m?nq|s ~ e
Ä
u?e&oyyo}u?vedm8nµqrjtx?nljle;{ !
Y (Ωt)
def
=
{
v ∈ L2(0, T ; (H2(Ωt))
2 ∩ (H10 (Ωt))
d)
}
Q
def
=
{
q ∈ H1(0, T ; (H1(D))2)
}
¬ e
~
e
Ä
u?e2q|b8e®Om?j
~
£"eoy°¥{qoVqre4svxOero}q|sv´
eV : X × Z −→ (Y ×Q)
∗
£b8sv{|e2ov3qrjtsvu­jp{
~
e
Ä
u?e
~
k !
〈eV (u, p), (v, q)〉 =
∫ T
0
∫
Ωt(V )
[−u · ∂tv + (D u · u) · v − νu ·∆v + u · ∇ q − p div v]
+
∫ T
0
∫
Γt(V )
V · (σ(v, q) · n) +
∫
ΩT
u(T ) · v(T )−
∫
Ω0
u0 · v(t = 0)
∀ (v, q) ∈ Y ×Q
> ﬂ $
)
"
 
¾)
 ? /+
À
 *
¼

7·uﬂqrb?jl{{e@3q|jlsyu&´?£¤e2jluEq|rs
~
m8e4q|b8enloyyo}u?vjloyu¦¹m?u8q|jlsyu8oyn&oy{r{|sk;jlo}q|e
~
£jtq|b¸²±K«


o}u
~
¤±O«

º

!
LV (u, p; v, q)
def
= JV (u, p)− 〈eV (u, p), (v, q)〉

E
£jtq|b
JV (u, p) =
α
2
∫ T
0
∫
Ωt(V )
|u|2 +
γ
2
∫ T
0
∫
Γt(V )
|V |2

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min
V ∈ Uad
min
(u, p) ∈ X(Ωt(V ))× Z
max
(v, q) ∈ Y (Ωt(V ))×Q
LV (u, p; v, q)

yf
 "©mO{jlu?wq|b8e¥¶¸jtu?¨í¶©o} ¦¹o}dMe;£"syr°R´£¤e¥o0ªvsyj ~ qrb?eﬀsvdMx?mzqro}q|jlsyu s}¦"q|b?e­{qoVq|e ~ e|jlªVoVqrjtªve£jtq|b
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min
(u,p)∈X×Z
max
(v,q)∈Y×Q
LV (u, p; v, q)
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Ä
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|sv?nted
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(ϕ(V ), pi(V ))
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∂(v,q)LV (u, p; v, q) · (δv, δq) = 0,
∀ (δv, δq) ∈ Y ×Q→
hEqoVq|e¤±vmOoVq|jlsyuO{
∂(u,p)LV (u, p; v, q) · (δu, δp) = 0,
∀ (δu, δp) ∈ X × Z →
Ł
~
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V ∈ Uad

(p, v, q) ∈ Z × Y ×Q

LV (u, p; v, q)
	  	 
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u ∈ X
  	   9
〈∂uLV (u, p; v, q), δu〉 =∫ T
0
∫
Ωt(V )
[αu · δu+ δu · ∂tv − [D δu · u+ Du · δu] · v + νδu ·∆v − δu · ∇ q]
+
∫
ΩT
δu(T ) · v(T ), ∀ δu ∈ X
7·u-sy
~
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~
syjluvqﬂx?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∫
Q(V )
(D δu · u) · v = −
∫
Q(V )
[D v · u+ div(u) · v] · δu+
∫
Σ(V )
(δu · v)(u · n)
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〈∂uˆLV (u, p;ϕ, pi), δu〉 =
−
∫
Q(V )
[−∂tϕ+ (
∗Du) · ϕ− (Dϕ) · u− div(u) · ϕ− ν∆ϕ +∇pi − αu] · δu
− ν
∫
Σ(V )
(∂nδu) · ϕ−
∫
ΩT
ϕ(T ) · δu(T )
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V ∈ Uad

(u, v, q) ∈ X × Y ×Q

LV (u, p; v, q)
	  	 
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p ∈ Z
  	   9
〈∂pLV (u, p;ϕ, pi), δp〉 =
∫ T
0
∫
Ωt
(δp) divϕ, ∀ δp ∈ Z
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rdm?npoVqrjtsvu´
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
−∂tϕ−Dϕ · u+ (
∗Du) · ϕ− ν∆ϕ +∇q = αu, Q(V )
div(ϕ) = 0, Q(V )
ϕ = 0, Σ(V )
ϕ(T ) = 0, ΩT
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~
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~
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rjtªVo}q|jlªyesy¦
j(V )
´K£¤exOeqrm?|Keqrb?edMsVªkjtu8
~
sydo}jlu
Ωt(V )
kﬂo
ªve;nlszjtq
Ä
e;n
~
W
£b?jpbMyeu?e;oVqre{q|b?e
¦äoydMjtnlsy¦Oqrroyu8{¦¹sv|do}q|jlsyu
T ρt
def
= Tt(V +ρW )
´}£jtq|b
ρ ≥ 0
oyu
~
q|b?e2¦äoydjlnlﬀs}¦
~
sydoyjtu8{oyu
~
q|b?ejtKsym8u
~
o}rjle{´
Ωρt
def
= Tt(V + ρW )(Ω0)
Γρt
def
= Tt(V + ρW )(Γ0)
¬ e{|eq´
g(ρ) = j(V + ρW ) = min
(u,p)∈X(Ωρt )×Z
max
(v,q)∈Y (Ωρt )×Q
L(V +ρW )(u, p; v, q)
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a
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~
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lim
ρ↘0
1
ρ
(g(ρ)− g(0))
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¬ eMu?e;e ~ oﬀq|b8e;syre;d q|b8o}q2£"sym8n ~ yjlªye*q|b?e ~ e|jlªVoVq|jlªyes}¦
ow¶¸jtu?¨í¶©o}¸¦¹m?u8q|jlsyu £jµqrb re{|xKe3q4q|s
o­reo}n1x8oyroydMeq|e
ρ ≥ 0
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7·uÃsym?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|jlªkjloyn1{|jlu8eq|b8eM{qro}q|eo}u ~ d*m?nµqrjtx8ntjle;{|x8oy;e{
X(Ωρt ) × Y (Ω
ρ
t )
~ e;xKe;u ~ svu©qrb?exOeqrm?r8oVqrjtsvu x8oyroyde;q|e
ρ
«a
b?jp{2xKsyjluvqo}u Ke¥{|synlªye ~ m8{jlu?
xOo}|q|jpm?npo}¤x8o}o}dMeqr|jl§o}q|jlsyusy¦q|b?e¦¹m?u8q|jlsyu8oyn{x8ove@{;«1a&sq|b?jp{
o}jldw´E£"e4m8{eq|b?e4qrroyu8{ªve;{edoyx
jluEq|rs ~ m8e ~ jlu©hkeq|jlsyu
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T tρ : Ωt −→ Ω
ρ
t
x 7→ Tt(V + ρW ) ◦ Tt(V )
−1
oyu ~ £¤e ~ e
Ä
u?e2q|b8e2¦¹synlntsV£jlu?Mx8o}o}dMe;q|rjt§@oVq|jlsyu&´
X(Ωρt ) =
{
u ◦ (T ρt )
−1, u ∈ X(Ωt(V ))
}

v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Y (Ωρt ) =
{
v ◦ (T ρt )
−1, u ∈ Y (Ωt(V ))
}

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a
b8jl{­x8o}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rjt§@oVq|jlsyu ~ sEe@{ﬀu8s}q¸o "Re3qﬂq|b8e(ªVo}nlm?e s}¦qrb?e {ro ~8~ nte xKsyjluvq­¦¹m?u8q|jlsyu8oyn
g(ρ)
´?mzq
bOo}u?ve{¤q|b?exOo}o}dMeqr|jl§o}q|jlsyu¥sy¦qrb?e&oyyo}u?vjloyu¦¹m?u8q|jlsyu8oynG´
g(ρ) = j(V + ρW ) = min
(u, p) ∈ X(Ωt)× Z
max
(v, q) ∈ Y (Ωt)×Q
L(V +ρW )(u ◦R
t
ρ, p; v ◦R
t
ρ, q)

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£jtq|b
Rtρ
def
= (T ρt )
−1 «
¬ e{|eq´
LρV,W (u, p; v, q) = JV +ρW (u ◦R
t
ρ, p)
−
∫ T
0
∫
Ωρt
[
−u ◦Rtρ · ∂t(v ◦R
t
ρ) + (D u ◦R
t
ρ · u ◦R
t
ρ) · v ◦R
t
ρ − νu ◦R
t
ρ ·∆(v ◦R
t
ρ)
+u ◦Rtρ · ∇ q − p div(v ◦R
t
ρ)
]
−
∫ T
0
∫
Γρt
(V + ρW ) · (σ(v ◦Rtρ, q) · n
ρ)
−
∫
ΩT
u(T ) · v(T ) +
∫
Ω0
u0 · v(t = 0)
∀ (v, q) ∈ Y (Ωt(V ))×Q
£b8e;re
nρ
{qo}u
~
{"¦¹svm?u?jtqekq|e|jlsy
u?sv|doyns}¦&qrb?exKe;|q|m?rOe
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Osvm?u
~
oy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Γρt
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~
j "Ke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re{|xOe@3q"q|sMo*{r;oynloy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o}dMeqre;@«a
b?eu­£"e4oyx?x?nljµq"q|ssym8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oydeuEqro}n²j
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reo}?nleq|s¸e;kx8|e@{|{q|b8eyo
~
jle;uEq
∇ j(V )
oy{{qro}q|e
~
jlu q|b?e
doyjtu­q|b?esyre;d sy¦qrb?jp{o}|q|jpnley«
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¬ eoMsvu8{j ~ e
o¦¹m8u83qrjtsvu8o}n_´
G : [0, ρ0]×X × Y → R

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£jtq|b
ρ0 ≥ 0
o}u ~ q£"sq|syxKsynlsyvjlo}n{|x8oy;e{
(X,Y )
«
A
sye@oyb
ρ ∈ I
def
= [0, ρ0]
´z£"e ~ e
Ä
u8e
g(ρ) = inf
x∈X
sup
y∈Y
G(ρ, x, y)

yf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oyu ~ q|b?e{|eq{;´
X(ρ) =
{
xρ ∈ X, sup
y∈Y
G(ρ, xρ, y) = g(ρ)
}

v@
Y (ρ, x) =
{
yρ ∈ Y, G(ρ, x, yρ) = sup
y∈Y
G(ρ, x, y)
}

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
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~
e
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~
m8oynR¦¹m?u83qrjtsvu8{oyu
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h(ρ) = sup
y∈Y
inf
x∈X
G(ρ, x, y)

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oyu
~
q|b?e{|eq{;´
Y (ρ) =
{
yρ ∈ Y, inf
x∈X
G(ρ, x, yρ) = h(ρ)
}

v.4
X(ρ, y) =
{
xρ ∈ X, G(ρ, xρ, y) = inf
x∈X
G(ρ, x, y)
}
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S(ρ) = {(x, y) ∈ X × Y, g(ρ) = G(ρ, x, y) = h(ρ)}
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S(ρ) 6= ∅

ρ ∈ I 

  

   ﬀ ,	  !ﬀ 	ﬁ	9
∂ρG(ρ, x, y)
  	  , 	 
I
	!ﬀ 
(x, y) ∈

⋃
ρ∈I
X(ρ)× Y (0)

⋃

X(0)× ⋃
ρ∈I
Y (ρ)


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(ρn)n≥0 ∈ I
	 	  
lim
n↗∞
ρn = 0
  !ﬀ  	  
x0 ∈ X(0)
   
   
   
ρnk
  	!ﬀ
 
k ≥ 1
   ﬀ
  	  
xnk ∈ X(ρnk)

  
	 
lim
n↗∞
xnk = x
0 	!ﬀ   TX
    !
	 	 
lim inf
(ρ,k)↘↗(0,∞)
∂ρG(ρ, xnk , y) ≥ ∂ρG(0, x
0, y)
∀ y ∈ Y (0) 
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(ρn)n≥0 ∈ I
	 	  
lim
n↗∞
ρn = 0
=  ﬀ   	 ,
y0 ∈ Y (0)
   
   
   
ρnk
  	!ﬀ
 
k ≥ 1
   ﬀ
  	  
ynk ∈ Y (ρnk )

  
	 
lim
n↗∞
ynk = y
0 	!ﬀ   TY
    !
	 	 
lim inf
(ρ,k)↘↗(0,∞)
∂ρG(ρ, x, ynk ) ≤ ∂ρG(0, x, y
0)
∀x ∈ X(0) 
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(x0, y0) ∈ X(0)× Y (0)
   
dg(0) = lim
ρ↘0
g(ρ)− g(0)
ρ
= inf
x∈X(0)
sup
y∈Y (0)
∂ρG(0, x, y) = ∂ρG(0, x
0, y0)
= sup
y∈Y (0)
inf
x∈X(0)
∂ρG(0, x, y)
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(x0, y0) ∈ X(0)× Y (0)
	    0  	 = 	
∂ρG(0, x, y) 
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L(ρ)
«²¬(e
{|b8oyntn"{m8e@{|{|jtªve;nl
~
j#"Re;re;uEq|jpoVqre¥qrb?e
~
jp{q|rjt?m?q|e
~
o}u
~
qrb?eﬂOsvm?u
~
oy| jtuEqre;yo}np{jlukªysvntªve
~
jtuBq|b?e
xKe;|q|m8|Ke
~
&oyyo}u?vjloyu !
o

jp{q|rjt?m?q|e
~
qre;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¬(e{|eq@´
G(ρ, .) =
[
−u ◦ Rtρ · ∂t(v ◦ R
t
ρ) +D(u ◦ R
t
ρ) · (u ◦ R
t
ρ) · v ◦ R
t
ρ
−ν(u ◦ Rtρ) ·∆(v ◦ R
t
ρ) + (u ◦ R
t
ρ) · ∇q − p div(v ◦ R
t
ρ)
]
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Rtρ
def
= (T tρ )
−1 «
¬(e{|b8oyntnu?ee ~ q|b8e2¦¹synlntsV£jlu?nteddov{jtuwsv ~ e"q|s ~ e;rjlª0o}q|e
G(ρ, .)
£jtq|bw|e@{xKeq
q|s
ρ
´
²¼    
%F
(
dT tρ
dρ
)∣∣∣∣
ρ=0
= Zt
(
dRtρ
dρ
)∣∣∣∣
ρ=0
= −Zt
²¼    
%ﬂ
(
d
(
u ◦ Rtρ
)
dρ
)∣∣∣∣∣
ρ=0
= −Du · Zt
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(
D
(
u ◦ Rtρ
)
D ρ
)∣∣∣∣∣
ρ=0
=
(
D u ◦ Rtρ
)
·
(
DRtρ
D ρ
)∣∣∣∣
ρ=0
= −
(
Du ◦ Rtρ
)
· Zt(ρ, .)
∣∣
ρ=0
= −Du · Zt
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∂ρG(ρ, .)|ρ=0 = [(D u · Zt) · ∂tv + u · (∂t(D v · Zt))
− [(D(Du · Zt)) · u+ Du · (D u · Zt)] · v − (Du · u) · (D v · Zt)
+ν(Du · Zt) ·∆v + νu · (∆(D v · Zt)) + p div(D v · Zt)− (Du · Zt) · ∇q]
&

ÀÀJ+ !
7íqsvde@{
eov{jlntﬀm8{jlu?
~
e
Ä
u?jtq|jlsyuws}¦
G(ρ, .)
o}u
~
edﬂ«

}í¨

z «

a
b?e;uB£¤e¥bOo0ªye¥o}u$e;zx?|e@{|{|jlsyuÃs}¦
q|b8e
~
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~
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~
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ρ
´
d
dρ
(∫
Ωρt
G(ρ, x)dx
)∣∣∣∣∣
ρ=0
=
∫
Ωt
[(D u · Zt) · ∂tv + u · (∂t(D v · Zt))
− [(D(Du · Zt)) · u+ Du · (D u · Zt)] · v − (Du · u) · (D v · Zt)
+ν(D u · Zt) ·∆v + νu · (∆(D v · Zt)) + p div(D v · Zt)− (D u · Zt) · ∇q]
+
∫
Γt
[−u · ∂tv + (Du · u) · v − νu ·∆v + u · ∇q − p div(v)] 〈Zt, n〉
   "sym?u ~ o}rMq|e;rd{ !
¬(e
d*m8{qXu?sV£ qro}°ve¤jluEq|s2oysym8uvq+q|b8e¤qre;rd{+;sydMjlu?¦¹rsyd/qrb?e
dMsVªEjlu?4Osvm?u ~ oy|
Γρt
«1a
b?eu
£¤e{|eq@´
φ(ρ, .) = (V + ρW ) ·
[
−q I +ν D(v ◦ Rtρ)
]
· nρ
= E(ρ) · nρ
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~
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~
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φ(ρ, .)
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∂ρn
ρ|ρ=0 = n
′
Γ = −∇Γ(Zt · n)
²¼
   
%$
d
dρ
(∫
Γρt
〈E(ρ), nρ〉dΓ
)∣∣∣∣∣
ρ=0
=
∫
Γt
〈E′|Γt , n〉+ (divE)〈Zt, n〉
=
∫
Γt
〈E′Γt , n〉+ (divΓE)〈Zt, n〉

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
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∫
Γρt
〈E(ρ), nρ〉 =
∫
Ωρt
divE(ρ)
q|b?euw£¤e
~
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|jlªyeq|b8jl{±Em8oyuEq|jtq¥m8{|jtu?a
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«

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d
dρ
(∫
Ωρt
divE(ρ)
)∣∣∣∣∣
ρ=0
=
∫
Ωt
divE′ +
∫
Γt
(divE)〈Zt, n〉
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∫
Ωt
divE′ =
∫
Γt
〈E′, n〉
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d
dρ
(∫
Γρt
〈E(ρ), (n ◦ Rtρ)〉dΓ
)∣∣∣∣∣
ρ=0
=
∫
Γt
〈E′Γ, n〉+ 〈E, n
′
Γ〉+H〈E, n〉〈Zt, n〉
m8{|jtu?¥&e;dw«
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d
dρ
(∫
Γρt
〈E(ρ), (n ◦ Rtρ)〉dΓ
)∣∣∣∣∣
ρ=0
=
∫
Γt
〈E′Γ, n〉 − 〈E,∇Γ(Zt · n)〉+H〈E, n〉〈Zt, n〉
q|b?euwm8{jlu?q|b8e2qro}u8ye;uEqrjloynhkq|sy°ve{
j ~ e;uEqrjµq¦¹rsyde;dw«

3´8£¤e2sy?qro}jlu­q|b?esv|req"re{|m?ntq«

)eu8ev´8£"e4svu?nlﬀu?ee ~ q|s¥;sydMx?mzqre2q|b?e±Em8oyuvqrjµq
E′Γ
«²asMq|b?jp{eu ~ ´?£"eu?e;e ~ q|b?e2¦¹svntnlsV£jtu8
j ~ e;uEq|jtq|jle{´
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(
v ◦ Rtρ
)′
Γ
∣∣∣
ρ=0
= −DΓ v · Zt
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(
v ◦ Rtρ
).∣∣
ρ=0
= ∂ρ
(
v ◦ Rtρ ◦ T
t
ρ
)∣∣
ρ=0
= ∂ρv|ρ=0 = 0
«

²¼
   
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(
D
(
v ◦ Rtρ
))′
Γ
∣∣∣
ρ=0
= −D v ·DZt − (DΓ(D v)) · Zt
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(
D
(
v ◦ Rtρ
))′
Γ
∣∣∣
ρ=0
=
(
D
(
v ◦ Rtρ
)).
Γ
∣∣∣
ρ=0
− DΓ
(
D(v ◦ Rtρ)
)
· Ztρ
∣∣
ρ=0
= ∂ρ
(
D
(
v ◦ Rtρ
)
◦ T tρ
)∣∣
ρ=0
− (DΓ(D v)) · Zt
= ∂ρ
[(
(D v) ◦ Rtρ · DR
t
ρ
)
◦ T tρ
]∣∣
ρ=0
− (DΓ(D v)) · Zt
= ∂ρ
[
(D v) ·DRtρ ◦ T
t
ρ
]∣∣
ρ=0
− (DΓ(D v)) · Zt
= −D v ·DZt +
[
D v · D(DRtρ) · ∂ρ(T
t
ρ )
]∣∣
ρ=0
− (DΓ(D v)) · Zt
= −D v ·DZt − (DΓ(D v)) · Zt
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G
E′Γ = W · [−q I+ν D v] + ν V · [−D v ·DZt −DΓ(D v) · Zt]
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b?jp{dMeo}uO{"q|b8o}q£¤e2b8o0ªvey´
d
dρ
(∫
Γρt
φ(ρ, x)dΓ
)∣∣∣∣∣
ρ=0
=
∫
Γt(V )
W · [−q n+ ν D v · n]
+ ν V · [−(D v ·DZt) · n− (DΓ(D v) · Zt) · n] + divΓ(V · [−q I +ν D v])〈Zt, n〉
¬ eb8o0ªve4oynl{|s8´
¤¼    
%
3
E′|Γ = W · [−q I +νD v]− ν V · [D(D v) · Zt]

0y
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d
dρ
(∫
Γρt
φ(ρ, x)dΓ
)∣∣∣∣∣
ρ=0
=
∫
Γt(V )
W · [−q n+ ν D v · n]
− ν V · [D(D v) · Zt · n] + div(V · [−q I +ν
∗D v])〈Zt, n〉
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∫
Γt
V · (D v · n) =
∫
Ωt
div(∗ D v · V )
=
∫
Ωt
D v · ·DV + V ·∆v
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¬ e{|b8o}nlnm8{|eqrb?jp{ezx?re{r{jlsyu­jtuﬂqrb?e{e@±Em?e;n_«X¬(ereo}nlnRq|b8o}qq|b?exKe;|q|m8|Ke
~
nloyyo}u?vjloyu¥b8ov{
q|b?e
¦¹svntnlsV£jlu?¦¹sv|dw´
LρV,W = J
ρ
V,W −
∫ T
0
∫
Ωρt
G(ρ)−
∫ T
0
∫
Γρt
φ(ρ)
−
∫
ΩT
u(T ) · v(T ) +
∫
Ω0
u0 · v(t = 0)
∀ (v, q) ∈ Y (Ωt)×Q
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ρ
oVqxKsyjluEq
ρ = 0
b8oy{"qrb?e2¦¹synlnlsV£jtu?ezx?re{r{|jtsvu´
d
dρ
(
LρV,W
)∣∣∣∣
ρ=0
=
d
dρ
(
JρV,W
)∣∣∣∣
ρ=0
−
∫ T
0
d
dρ
(∫
Ωρt
G(ρ)
)∣∣∣∣∣
ρ=0
−
∫ T
0
d
dρ
(∫
Γρt
φ(ρ)
)∣∣∣∣∣
ρ=0
∀ (v, q) ∈ Y (Ωt)×Q
A
m?qrb?e;rdMsyre2£¤e2b8o0ªvey´
¤¼    
%
d
dρ
(
JρV,W
)∣∣∣∣
ρ=0
= −α
∫ T
0
∫
Ωt(V )
u · (Du · Zt) +
∫ T
0
∫
Γt(V )
γ V ·W
+
∫ T
0
∫
Γt(V )
[α
2
|u|2 +
γ
2
H |V |2
]
〈Zt, n〉
 {jlu?4q|b8enlov{qXj
~
e;uEq|jtq|jle{X;syu8;e;ru?jlu?4q|b?e
~
e|jlªVoVq|jlªye
sy¦8q|b8e
~
jl{q|rjl?mzq|e
~
o}u
~
q|b?eKsym8u
~
o}r2q|e|d{
£jtq|bwre{|xOe@3q
q|s
ρ
´z£"e2{|b8oyntnveq
q|b8e2¦¹synlntsV£jlu?ezx?re{r{jlsyu´
d
dρ
(
LρV,W
)∣∣∣∣
ρ=0
= −AZt −BZt − CW

0v
£jtq|b
AZt =
∫ T
0
∫
Ωt(V )
[αu · (D u · Zt) + (Du · Zt) · ∂tv − [(D(Du · Zt)) · u
+ Du · (D u · Zt)] · v + ν(D u · Zt) ·∆v − (D u · Zt) · ∇q]
+
∫ T
0
∫
Ωt(V )
[u · (∂t(D v · Zt))− (D u · u) · (D v · Zt) + νu · (∆(D v · Zt)) + p div(D v · Zt)]
BZt =
∫ T
0
∫
Γt(V )
[−u · ∂tv + (Du · u) · v − νu ·∆v + u · ∇q − p div(v)] (Zt · n)
− ν V · [(D(D v) · Zt) · n] + div(V · [−q I +ν D v])〈Zt, n〉 −
[α
2
|u|2 +
γ
2
H |V |2
]
〈Zt, n〉
CW =
∫ T
0
∫
Γt(V )
[W · [−q n+ ν D v · n]− γ V ·W ]
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(u, p, v, q) = (u, p, ϕ, pi)
jp{ﬀo {ro ~8~ nte xOsvjtuEq­sy¦2q|b?e &o}vroyu?yjpo}u
¦¹m8u83qrjtsvu8o}n
LV
«a
b?jp{£jlntn+b?entx©mO{qrsﬀ{jldMx?nljµ¦¹¸{|e;ªyeroynq|e|d{jtukªysvntªve ~ jlu¸q|b8e ~ e|jlªVoVq|jlªyesy¦
LV
£jtq|bwre{|xOe@3q
q|s
V
«
7·u ~ e;e ~ ´R£¤e*£¤svm?n ~ ntjl°yeq|sﬀe;zx?|e@{|{q|b?e ~ jp{qr|jl?mzqre ~ qre;rd
AZt
oy{4oOsvm?u ~ oy|¸±Em8oyuvqrjµq ~ e
Ä
u?e ~
svuﬀqrb?edMsVªkjtu?MKsym?u ~ o}r
Γt
«
 
- ¼kÀ  ¼ 
ﬂ0; 
ﬀ
(u, p, ϕ, pi)
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∫ T
0
∫
Ωt(V )
[αu · (D u · Zt) + (Du · Zt) · ∂tv − [(D(Du · Zt)) · u
+ Du · (D u · Zt)] · v + ν(D u · Zt) ·∆v − (D u · Zt) · ∇q]
+
∫ T
0
∫
Ωt(V )
[u · (∂t(D v · Zt))− (Du · u) · (D v · Zt) + νu · (∆(D v · Zt)) + p div(D v · Zt)]
−
∫ T
0
∫
Γt(V )
[ν V · (D(Dϕ · Zt) · n)− (Dϕ · Zt) · (−p n+ ν(D u · n))] = 0, ∀W ∈ Uad
²|sks}¦ !
¬ eM{b8oyntn1m8{|eMekq|re;doyn+;syu
~
jtq|jlsyuO{4ov{|{|szjpoVqre
~
qrs­ªVo}rjpoVq|jlsyuO{£jtq|b |e@{xKeqqrs
(u, v)
jlu©q|b8eMoV¨
vroyu?yjpo}u ¦¹m?uO3q|jlsyuOo}n"£b?e;re¥£"eﬀo
~?~
o©Ksym?u
~
o}r(jluEq|e;vroyn²{|jtu8;eﬀ£"eﬀsvu8{|j
~
eqre{q¦¹m?u8q|jlsyu8{
v
qrb8oVq
~
su8s}qªVo}u?jp{bwsvuﬀqrb?eOsvm?u
~
oy|
Γt(V )
´?j_« e
L2V (u, p; v, q) = JV (u, p)−
∫ T
0
∫
Ωt(V )
[−u · ∂tv + (D u · u) · v − νu ·∆v + u · ∇ q − p div v]
−
∫ T
0
∫
Γt(V )
V · (σ(v, q) · n) +
∫ T
0
∫
Γt(V )
v · (σ(u, p) · n)−
∫
ΩT
u(T ) · v(T ) +
∫
Ω0
u0 · v(t = 0)
∀ (v, q) ∈ Y ×Q
a
b8jl{
nleo
~
{"q|sMqrb?e2¦¹synlntsV£jlu?xOeqrm?r8oVqrjtsvu­j
~
e;uEqrjµqv´
∂(u,v)L
2
V · (δu, δv) = −
∫
Q(V )
[−αu · δu− δu · ∂tv − u · ∂tδv +D(δu · u) · v +D(u · δu) · v
+D(u · u) · δv − ν(δu ·∆v)− ν(u ·∆δv) + δu · ∇q − p div(δv)]−
∫ T
0
∫
Γt(V )
ν V · (D δv · n)
+
∫ T
0
∫
Γt(V )
[ν v · (D δu · n) + δv · (−p n+ ν(D u · n))]−
∫
ΩT
[δu(T )v(T ) + u(T )δv(T )]
∀ (δu, δv) ∈ X(Ωt)× Y (Ωt)
É¹Ê+ïÉÕÆ
 
	ﬁﬀ fD5
¬ eb?sksv{|e2{xKe;j
Ä
2xKe;|q|m8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|e@3q|jlsyuO{;´kj_« e
δu = D u · Zt δv = D v · Zt
£jtq|b
δu(T ) = δv(T ) = δu(0) = δv(0) = 0
´K£b?e;re
(u, v)
oy|e{ro ~8~ ntexKsyjluEqr{s}¦1q|b8enloyyo}u?vjloyu´
j_« e{svntm?q|jlsyu8{Xsy¦|e@{xKeq|jlªyentq|b?ex8|jldo}nOoyu ~ o ~ syjluvq²®8m?j ~ x?rsy?nle;dw«+¬(ere;syvu?jt§ejtdMdMe ~ jlo}q|e;nl
qrb?e ~ jp{qr|jl?mzqre ~ o}u ~ Ksym?u ~ o}rq|e|d{
jlukªysynlªye ~ jluﬂq|b?e{|b8o}xKe ~ e;rjlª0o}q|jlªye2°ye|u8e;nj ~ e;uEq|jtqy«

>  ( $
H
À  + 
 
¡y." À
 
  *
1
V ?ÁE" ¼
 

¯sV£´1£¤eﬀ{|eq
(u, v) = (u, ϕ)
oyu ~ £"e¥m8{|e¥q|b8e¥¦äoyqqrb8oVq
u = V,
svu
Γt
oyu ~
ϕ = 0,
syu
Γt
q|s
{|jldx8ntjt¦¹¥qrb?e|edo}jlu?jtu8qre;rdM{«
AZt =
∫ T
0
∫
Γt(V )
[ν V · (D(Dϕ · Zt) · n)− ν(Dϕ · Zt) · (Du · n)]

04
­¼
  z	
ﬂ0F 
  9<  !  
(Dϕ ·Zt) · (p n) = (Dϕ · (n⊗ n) ·Zt) · (p n) = p ((Dϕ · n) ·
n) · 〈Zt, n〉 = (p divϕ)〈Zt, n〉 = 0 

BZt =
∫ T
0
∫
Γt(V )
[−νV ·∆ϕ+ V · ∇pi] 〈Zt, n〉 −
1
2
[α+ γ H ] |V |2〈Zt, n〉
− ν V · [(D(Dϕ) · Zt) · n] + [−pi div V − V · ∇pi + ν Dϕ · ·DV + ν V ·∆ϕ])〈Zt, n〉
CW =
∫ T
0
∫
Γt(V )
[W · [−pi n+ ν Dϕ · n]− γ V ·W ]
¬ eu?ee
~
q|se{qroy?nljl{|bﬀqrb?e2¦¹synlnlsV£jtu?j
~
e;uEq|jtqy´
¤¼
   
(F ∫
Γt
(Dϕ · Zt) · (D u · n) =
∫
Γt
(Dϕ · n) · (Du · n)〈Zt, n〉

05
a
b8e;u
−
d
dρ
(
LρV,W
)∣∣∣∣
ρ=0
=
∫
Σ(V )
ν V · (D(Dϕ · Zt) · n) + [−ν(Dϕ · n) · (Du · n)− νV ·∆ϕ
+V · ∇pi] 〈Zt, n〉+ [−pi div V − V · ∇pi + ν Dϕ · ·D V + ν V ·∆ϕ])〈Zt, n〉
− ν V · [(D(Dϕ) · Zt) · n]−
1
2
[α+ γ H ] |V |2〈Zt, n〉+ [W · [−pi n+ ν Dϕ · n]− γ V ·W ]
a
b8jl{oyntnlsV£{"m8{
q|s
~
e|jlªye4qrb?eezx?re{r{jlsyu­s}¦+q|b?e;sv{q¦¹m?u83qrjtsvu
~
jtreq|jlsyu8oyn
~
e;rjtªVo}q|jlªyey´
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3
dg(0) =
∫
Σ(V )
[
−ν(Dϕ · n) · (D V · n−Du · n) + pi div V +
1
2
(α + γ H)|V |2
]
〈Zt, n〉
+
∫
Σ(V )
[−σ(ϕ, q) · n+ γV ] ·W


º

a
b8e;uﬂ£¤em8{|ea
b«

4"£jµqrb´
E = −ν(Dϕ · n) · (DV · n−D u · n) + pi div V +
1
2
(α+ γ H)|V |2
oyu ~ £¤e2ye;qq|b?e;syr|e@3q
|e@{m8nµq@«
 
67ﬁ¥?679:ﬁﬂ . ﬂﬁ­!²ﬁ &'ﬂ!" ﬃ -(ﬂﬂﬁ 
7·u©q|b?e*x?|eªkjtsvm8{{|eq|jlsyu´K£¤e*b8o0ªyem8{e
~
oM¦¹m?uO3q|jlsyu {xOoyex8o}o}dMeqr|jl§o}q|jlsyuwjlu©sy
~
e;q|s­yeqq|b?e
vro
~
jle;uEq¤sy¦ovjtªve;u¥¦¹m8u83qrjtsvu8o}nRre;npoVq|e
~
q|s*q|b8e2{|synlmzqrjtsvuﬀs}¦&q|b?e2¯o0ªkjle;|¨·hEqrsy°ve{²{|z{qre;d jluﬀdMsVªkjtu8
~
sydo}jlu´k£jµqrb­re{|xKe3q
qrsqrb?e{xKe;e
~
sy¦&q|b8e4dMsVªkjlu?
~
svdo}jlu« 7·u¥qrb?jl{{|eq|jlsyu´z£"e4m8{eo
~
j "Ke|euvq
dMe;q|b?s
~
8ov{e
~
svu4¦¹m?u83qrjtsvu{xOoyeXedKe
~?~
jtu?xOo}|q|jpm?npo}r{|m?jµqre
~
¦¹svu?syu?¨_b?svdMsyyeu?e;svm8{

jlrjlb?nleq
Ksym8u
~
o}rx?rsy?nle;d{« 7íqJdMeoyu8{q|b8o}q1q|b?e{qro}q|eo}u
~
dm8nµqrjtx?nljle;XªVo}rjloy?nle{+o}re
~
e
Ä
u?e
~
jluMob8syn
~
¨íoyntn
~
sydo}jlu
D
qrb8oVqsvuEqro}jlu8{"qrb?edMsVªEjlu?
~
sydoyjtu
Ωt(V )
¦¹sv
t ∈ (0, T )
o}u
~
∀V ∈ Uad
«

	  /ﬂ
$ "%
 +   ﬀ (   ﬂ +.    +.-$    + ﬂ + $   + $ (
¬ eM|e@;oyntn+q|bOoVq£¤eoy|e
~
eoyntjlu?w£jtq|b(q|b?e¯o0ªkjle;|¨·hkq|sy°ve{jtuÃoﬂdMsVªEjlu?
~
sydoyjtu
Ωt(V )
£b?jpb(jp{
~
|jlªyeu­kﬀoyu­em?nte|jpo}uﬂªyentsz;jµq
Ä
e;n
~
V ∈ Uad
´


∂tu+ Du · u− ν∆u+∇p = 0, Q(V )
div(u) = 0, Q(V )
u = V, Σ(V )
u(t = 0) = u0, Ω0


º
 
oyu
~
Uad =
{
V ∈ H1(0, T ; (Hm(D))d), div V = 0
jtu
D, V · n = 0
svu
∂D
}


º

£jtq|b
m > 5/2
«
¬ ejluvqr|s
~
mOeoM&o}vroyu?yedm?ntq|jlx?nljte
µ
oyu
~
o*¦¹m?u83qrjtsvu8o}n_´
EV (u, p; v, q, µ) =
∫ T
0
∫
Ωt(V )
[∂tu+ Du · u− ν∆u+∇ p] · v −
∫ T
0
∫
Ωt(V )
q div u
−
∫ T
0
∫
Γt(V )
(u− V ) · µ
É¹Ê+ïÉÕÆ
 
	ﬁﬀ ?
¦¹sv
(u, p) ∈ X × P
´
(v, q) ∈ Y ×Q
oyu ~
µ ∈M
£jtq|b
X
def
= Y
def
= H1(0, T ;H2(D))
P
def
= Q
def
= H1(0, T ;H1(D))
M = H1(0, T ;H3/2(Γt))
¬ eo}re4jtuEq|e|e@{qre ~ jtuﬂqrb?e2¦¹synlntsV£jlu?¶¸jluz¨·¶©oVﬀx8|sv?ntedw´
min
(u,p)∈X×P
max
(v,q,µ)∈Y×Q×M
EV (u, p; v, q, µ)


ºvº

a
b8e²{svntm?q|jlsyu
(y, p, ϕ, pi, λ)
sy¦vqrb?jp{&x?rsy8nted jp{&b8oyrov3q|e|jl§;e ~ kq|b?eX¦¹svntnlsV£jlu?syxzqrjtdoyntjtq{|z{qre;dw´
 
a
b?ex?rjtdoyn{qoVq|e
(y, p)
jp{{svntmzqrjtsvu­sy¦qrb?e¯o0ªkjle;|¨·hkq|sy°ve{"{z{q|edﬂ´


∂ty + D y · y − ν∆y +∇p = 0, Q(V )
div(y) = 0, Q(V )
y = V, Σ(V )
y(t = 0) = y0, Ω0


º
f 
 
a
b?e
~
m8oyn{qoVqre
(ϕ, pi)
jp{{svntm?q|jlsyuﬂs}¦+q|b?e4®8m?j
~
o
~
syjluvq{|z{qre;dw´


−∂tϕ−Dϕ · u+ (
∗Du) · ϕ− ν∆ϕ+∇pi = 0, Q(V )
div(ϕ) = 0, Q(V )
ϕ = 0, Σ(V )
ϕ(t = T ) = 0, ΩT


º

 
a
b?edm8nµqrjtx?nljle;{roVqrjl{
Ä
e{¤qrb?e2¦¹synlntsV£jlu?Mj
~
e;uEq|jtqy´
µ = −q n+ ν(Dϕ · n),
svu
Γt(V )


º

a
b8e;u£"e
;o}ub?sksv{|eJqrb?e"oyOsVªve²x8oyqrjl;m?npo}+|ex?|e@{euEqroVqrjtsvus}¦?qrb?e
Osvm?u
~
oy|o}yo}u8yeJd*m?nµqrjtx8ntjle;
µ
«Ja
b8jl{
kjle;n
~
{
q|sqrb?e2¦¹synlntsV£jlu?*¦¹m?u8q|jlsyu8oynG´
EV (u, p; v, q) =
∫ T
0
∫
Ωt(V )
[∂tu+ Du · u− ν∆u+∇ p] · v −
∫ T
0
∫
Ωt(V )
q div u
−
∫ T
0
∫
Γt(V )
(u− V ) · σ(v, q) · n
¦¹sv
(u, p) ∈ X × P
´
(v, q) ∈ Y ×Q
´z£jtq|b
σ(v, q) · n = −q n+ ν(Dϕ · n),
syu
Γt(V )
a
b8e¦¹svntnlsV£jlu?Mj
~
euEq|jtq|jle{b?svn
~
q|rm?ev´
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( ﬂ
∫
Γt(V )
(u− V ) · (D v · n) =
∫
Ωt(V )
div [∗D v · (u− V )]
=
∫
Ωt(V )
[D(u− V ) · ·D v + (u− V ) ·∆v]
 
∫
Γt(V )
(u− V ) · q n =
∫
Ωt(V )
div [q(u− V )]
=
∫
Ωt(V )
[(u− V ) · ∇q + q div(u− V )]
 {jlu?q|b8jl{j ~ euvqrjµqv´?£"e4do0¥veq
q|b8e
Ä
u8o}n&ezx?re{r{jlsyu­s}¦svm?{ro ~?~ nle4¦¹m?u8q|jlsyu8oynG´
EV (u, p; v, q) =
∫ T
0
∫
Ωt(V )
[∂tu+ Du · u− ν∆u+∇ p] · v −
∫ T
0
∫
Ωt(V )
q div u
+
∫ T
0
∫
Ωt(V )
[(u− V ) · ∇q + q div(u− V )− ν D(u− V ) · ·D v − ν(u− V ) ·∆v]
¦¹sv
(u, p) ∈ X × P
´
(v, q) ∈ Y ×Q
«
­¼
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¬ eo}re4jtuEq|e|e@{qre
~
jtuﬂqrb?e2¦¹synlntsV£jlu?MdMjtu8jtdMjl§oVqrjtsvu­x8|sv?ntedw´
min
V ∈Uad
j(V )


º
 
£b8e;re
j(V ) = JV (u(V ), p(V ))
£jtq|b
(u(V ), p(V ))
jp{ﬀoB£¤e@o}° {svntmzqrjtsvu s}¦x?rsy?nle;d

¥oyu
~
JV (u, p)
jl{oMreoynO¦¹m8u83qrjtsvu8o}nsy¦&qrb?e2¦¹synlntsV£jlu?¦¹syrd !
JV (u, p) =
α
2
∫ T
0
∫
Ωt(V )
|u|2 +
γ
2
∫ T
0
∫
Γt(V )
|V |2


º
4
¬ edo0ﬀ{|synlªyeq|b?jp{x?rsy?nle;d E¥q|b?e{q|m
~
Ejlu?q|b8ee±Em?jlª0oynteuEq¶¸jtu?¨í¶©o}ﬀx?rsy?nle;dw´
min
V ∈Uad
min
(u,p)∈X×P
max
(v,q)∈Y×Q
LV (u, p; v, q)


º
5
£jtq|b
LV (u, p; v, q) = JV (u, p)−EV (u, p; v, q)

;fE
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º
m8¤do}jluﬀ;syu8;e;ru¥jl{¤qrb?e ~ j#"Re;re;uEq|jpoVqrjtsvu¥s}¦&q|b?e2o}KsVªye¦¹m8u83qrjtsvu8o}nR£jtq|bﬀre{|xKe3q"q|s
V ∈ Uad
«XŁ{
jluqrb?e
x?re;ªkjtsvm8{+{e@3q|jlsyu*£¤e"xKe;|q|m?rOe¤q|b8e¤qrm?Ke{1m8{|jtu84oªye@3q|sv
Ä
en ~
W ∈ Uad
£jµqrboyujlu8re;dMeuvq
xOo}o}dMeqre;
ρ ≥ 0
«1hzjtu8;eq|b8e
¦¹m?u83qrjtsvu8{²oy|e
edKe ~?~ e ~ jtuMqrb?eb?svn ~ ¨·o}nln ~ svdMoyjtu
D
´yq|b?exOeqrm?|Ke ~
o}vroyu?yjpo}u¥bOoy{"q|b8e2¦¹synlntsV£jlu?*¦¹syrdﬂ´
Lρ(u, p; v, q) = JV +ρW (u, p)−EV +ρW (u, p; v, q)

;fO
a
b8e2{|eqsy¦+{ro ~?~ ntexKsyjluEqr{´
S(ρ) = X(ρ)× P × Y (ρ)×Q ∈ X × P × Y ×Q
jp{
u?syqo{|jlu?ynleqrsyuw{jlu8ev´
X(ρ) =
{
u ∈ X,u|Ωρt = y(ρ)
}
Y (ρ) =
{
v ∈ Y, v|Ωρt = ϕ(ρ)
}
¬ edo}°veqrb?esvuVeq|m?re4q|b8o}q£¤eo}uﬂEkx8ov{|{¤qrb?edMjtuz¨ídoV´?o}u
~
{qro}q|e
d
d ρ
j(V + ρW )
∣∣∣∣
ρ=0
= min
(u,p)∈X×P
max
(v,q)∈Y×Q
d
d ρ
Lρ(u, p; v, q)
∣∣∣∣
ρ=0

fE
 {jlu?Mu?svuz¨í;kntjlu
~
rjlo}n{|b8o}xKe
~
e;rjlª0o}q|jlªye¦¹roydMe;£"syr°K´k£"e;o}uw{qroVqre
¤¼
   
( %
∂V LV (u, p; v, q) ·W = −
∫ T
0
∫
Γt(V )
[(∂tu+ Du · u− ν∆u+∇ p) · v − q div u
+(u− V ) · ∇q + q div(u− V )− ν D(u− V ) · ·D v − ν(u− V ) ·∆v −
α
2
|u|2
−H
γ
2
|V |2
]
〈Zt, n〉 −
∫ T
0
∫
Ωt(V )
[−W · ∇q − q divW + ν DW · ·D v + νW ·∆v]
+
∫ T
0
∫
Γt(V )
γV ·W
a
b8e;uﬂ£¤e{|eq
(u, p) = (y, p)
o}u
~
(v, q) = (ϕ, pi)
£jtq|b


−∂tϕ−Dϕ · u+
∗D u · ϕ− ν∆ϕ+∇pi = αu, Q(V )
div(ϕ) = 0, Q(V )
ϕ = 0, Σ(V )
ϕ(T ) = 0, ΩT

f
º
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oyu ~ £¤e2m8{|e2q|b8o}q
(y, ϕ) = (V, 0)
syu
Γt(V )
oyu ~ ∫
Ωt(V )
[−W · ∇q − q divW + ν DW · ·D v + νW ·∆v] =
∫
Γt(V )
W · σ(v, q) · n
a
b8e;u´
∂V j(V ) ·W = −
∫ T
0
∫
Γt(V )
[(−pi div y + pi div(y − V )− ν D(y − V ) · ·Dϕ
−
1
2
(α+Hγ)|V |2
)
〈Zt, n〉+ (σ(ϕ, pi) · n− γV ) ·W
]
 {jlu?re;vm?nloy|jtqoy{r{|m?dMxzq|jlsyu8{1svu
y
o}u ~ qrb?e¦¹re;e ~ jlªye|ve;u8;esyu ~ jµqrjtsvu*svu
y
´v£¤edo0*{qro}q|e
qrb8oVq
div y|Γt = 0
«
¤¼
   
((
D y · ·Dϕ|Γt(V ) = (D y · n) · (Dϕ · n)

;fvf
²|sks}¦ !
 {jlu?q|bOoVq
ϕ = 0
syu
Γt(V )
´?kjle;n
~
{"q|s
Dϕ|Γt = Dϕ · (n⊗ n)|Γt
qrb?e;u&´?£¤e2veq
D y · ·Dϕ = D y · ·(Dϕ · (n⊗ n))
= (D y · n) · (Dϕ · n)

B¤svu8{|e±Em?e;uEqrnt£"eye;q´
〈j′(V ),W 〉 =
∫ T
0
∫
Γt(V )
[−ν(Dϕ · n) · (D V · n−Du · n) + pi div V
+
1
2
(α+ γ H)|V |2
]
〈Zt, n〉+
∫ T
0
∫
Γt(V )
[−σ(ϕ, q) · n+ γV ] ·W

fE
¬ e2q|b8e;uwm8{|eqrb?e;sv|ed

4"£jµqrb
E = −ν(Dϕ · n) · (DV · n−D u · n) + pi div V +
1
2
(α+ γ H)|V |2
oyu
~
£¤e2ye;qq|b?e;syr|e@3q
|e@{m8nµq@«
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